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Uniform Crossover Parametrisation

Preparing an Example Function for Uniform Crossover

Notation  partition bit string x = 2’2" = 2’225z}
x//
2 x!f zy zy
P S —
= LTI T]
length m length £ length & length k
length m

n=2m=m+m=m+3k=m+k+k+k

Definition  circle C = {10, 0°0™ % | i € {1,2,...,m}}
target T' = {z{xyay | |2f| = |v3| = 23] = [k/2]}
H(z,A) = min{H (z,y) | y € A}

Summary
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Example Function for Uniform Crossover

Definition  circle C = {10™*,0°0™ % | i € {1,2,...,m}}
target T = {af ) | o] = [o] = |2 = L£/2])
H(z, A) = min{H (z,y) [y € A}

Definition  fa: {0,1}"™ — Ny with

n—H(@" C) ifa/#420™and 2" ¢ C

2n —H (2/,0™) ifz" € C

0 if /=0™and 2" ¢ (CUT)

3n if2/=0mand 2" €T

fa(z) =
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Example Function for Uniform Crossover

Definition  fo: {0,1}"™ — Nj with
n—H(@",C) ifa #£0™
2n —H(2',0™) if2" €C
) = 0 e
0 if £/ =0™
3n if 2/ =0™

LEADINGONES

Summary
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and z”" ¢ C

and 2" ¢ (CUT)
and 2" €T

“§ €= global opt.
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Without Crossover on f5
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5] €= global opt.

Observation
e quickly '’ =0™ and 2" € C
e gap too large for a mutation
e = exponentially long with overwhelming probability
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With Uniform Crossover on f;

Theorem

Consider the steady state GA with crossover probability p. <1 —¢
(constant € > 0) and population size 1 > n.
E (Tea,z,) = O(pn® + p?log(n) /pe)
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Uniform Crossover Parametrisation LEADINGONES Summary
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Optimising fy with Uniform Crossover

Theorem

Consider the steady state GA with crossover probability p. <1 — ¢
(constant € > 0) and population size p > n.

E (Tea,z,) = O(pn? + p2n®/2 /p. )

Proof
Observations
e to 2’ = 0™ and z” € C with all possible points on circle in
expecation in O(un?) steps similar to f;
(mutation suffices, no crossover with prob. > ¢ = (1))
e probability to create the optimum
> Prob (pick good parents, crossover and generate opt.) >
(1/4?) - pe-Prob (generate optimum from 1°0™~% and 011™~%)

= (/) e (UVE)) =2((1/0) o 1/03?)
e = E (TGA,fz) = O(Nn2 + N2 log(n)/pc) 380
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Evolutionary Algorithms

Remember

Evolutionary Algorithm

1. Choose x1,x2,...,2, € S uniformly at random.

2. Repeat

3. Forie {1,2,...,\} do

4. With probability p. select 21,20 € {21, 22,...,2,}.
z 1= crossover(zy, 22)
Else select z € {z1,22,...,2,}.

5. y; *= mutation(z)

6. Select new x1,x2,...,x, out of old x1,x9,..., 2,

and y1,v2,...,Yx.
Until ‘decide to stop’

. Output z; with f(z;) = max{f(z;) |1 <j < u}.

o
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Design Decisions

Evolutionary Algorithm

1. Choose 71,32, ...,x, € S uniformly at random.

2. Repeat
3. Forie€ {1,2,...,\} do
4

With probability p. select 21, 23 € {1, %2,...,2,}.

z = crossover(z1, z2)

Else select z € {1, z2,...,2,}.
5. y; := mutation(z)
6. Select new 1,3, ...,x, out of old =1, z2,...,2,
and Y1, 92, .-+, YA
7 Until ‘decide to stop’
8. Output z; with f(z;) = max{f(z;) |1 <j < p}.

Design Choices
e selection for reproduction
e mutation operator
e crossover operator

e selection for replacement

Parameters
e population size 4 € N

o offspring population size
AeN

e crossover probability
pe € [0,1]

Summary
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Uniform Crossover Parametrisation LEADINGONES
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Facts and Goal for Today

Known

all choices potentially crucial for success

e no universally good choice (clear due to NFL)

good choices sometimes hard to make

useful guidelines exist
Goals
e understand guidelines
e learn to develop guidelines
e understand limitations of guidelines

Today  offspring population size A

Method  embed in minimal algorithmic framework

consider effects on paradigmatic example functions

Summary
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The (14+A) EA
(14+)) EA

1. ¢t := 0; Choose x; € {0,1}"™ uniformly at random.
2. Repeat
3 Forie {1,2,...,A} do
4. y; := standard bit mutation(z;) with p,, = 1/n
5 m .= maX{f(yl)vf(yQ)a"'?f(y/\)}
6 If m > f(x) Then
Select y € {v/ € {y1,92,..-,ux} | f(¥) =m} u.a.r.
Tt+1 =Y
Else 111 == o
7. t:=t+1
8. Until ‘decide to stop’
9. Output .

Only Parameter  offspring population size A
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Measuring Performance

Remember  T{14)) ea,; = #/ evaluations until optimum found

=1 4+ X - _t
~— [ ~—
o Y1,---,Yx Ftgenerations

Define  Gya)ea ;= min{t | f(z¢) = max{f(z) | v € {0,1}"}}
number of generations

Observation  T{14y) ga,y much closer
to actual computational effort

Why should we care about G'(141) ea,f?

Observation  G(14)) ea,y Measures parallel computation time
= computation time on parallel computer
with > X processing units
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A First Example

Define  LEADINGONES: {0,1}" — {0,1,...,n} with

n 3
LEADINGONES(z) = > [T «[j]
i=1j=1
counts number of leading 1-bits from left to right

Remember  all bits right to the leftmost 0-bit
uniformly distributed

Because
e initially true
e bits never involved in selection

e standard bit mutations don't change the uniform distribution
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Result

T(14)) EA,LEADINGONES = O(n2 + X m) for any A = no)
o(1)

2
G(1+>\) EA,LEADINGONES — O(nT + m) for any A =n
Remark T(14) EA LeapincOngs = @(n2 + A m) for any A = n@0
2
G(1+>\) EA,LEADINGONES — ®<HT + m for any A = noW
Useful Tool  Additive Drift Theorem
algorithm A, Z set of all populations,
d: Z — R§ with d(P) = 0 < P contains opt.,
Dy =d(Pi—1) — d(P),
At =max{E (D; | P,1,Tas > t)},
AT = IIllI’l{E (Dt | Pt_l,TA’f 2 t)}
AT >0=E(Tay) 2 E(d(R)) /AT
A= > 0= E(Tuy) < E(d(Ry)) /A
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Drift Analysis of the (1+\) EA on LEADINGONES

Set of Populations Z = {0,1}"

Distance Measure  d(xz) = n — LEADINGONES(x)

E (Initial Distance) E (d(x¢)) = i i - Prob (d(xz¢) = 1)

n n n
_E n+lz:ZZ2 (n+1-—3)
i=1 i=1j=1
— 9—(n+1) Z Z 97
1=1j=1
n )
— 9—(n+1) 3 ontl _ 1 _ (21 _ 1)
i=1

n
— 9—(n+1) (4 . on+1 _ S 2i)

Summary

[e]

i=1
=27(nFD) (. gntl on il y 2) =n—1+2"

388
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Drift Analysis of the (1+\) EA on LEADINGONES
Set of Populations Z = {0,1}"
Distance Measure  d(xz) = n — LEADINGONES(x)

E (Initial Distance) E (d(zg)) =n—1+27"

Drift E (Dt | Pt—hTA,f Z t) =E (d(IIZ‘t_l) — d($t> ’ Pt—hTA,f Z t)
d(CCt_l)
= Y i-Prob(d(zy) =d(x4—1) — 1)
=1

> (1- (- (-0
> mil i (1— (1- e;2i)k>

A
Interlude  estimating (1— Z)
en2
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(- ) = (-

en2t )
e—/\/(enZZ)

en2?

Remember

Ve<l:l4+az<e'<1+ 22

Vee[0,1]: 1 —x<e*<1—ux/2

<1-

Thus  ( nlw.)A

221

1

en2t

for A\/(en2?) <

LEADINGONES Summary
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) en2t-\/(en2?)
IN

L 2

1
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Bounding the Drift

d(zi—1) 1 A
We have E(D; | P—q1,Ta s >1t) > .Z i <1 - (1 - 6772) )

(1-
Case 1: A <n

Case 2: A >n

A
ean) <1- 26 57 for A/(en2') <1

d(fﬂt 1) )\ )\
(Dt|Pt 1,TAf>t)> Z 1 52— >

2en2i = 4den
for i = log(A/n)

(1 _ 21))\ < ef)\/(enQIOg(A/n)) — ¢~ M(enA/n) _ ,—1/e
= E(Dy | Pi1,Ta s > t) > log(A\/n) - e~ 1/e
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Combining Findings

Remember

Remember

E (G(l—i-)\) EA,LEADINGONES) < E(d(z0)) /AT
E(d(zg)) =n—1+27"
A-> A/ (4en) if A< n

e /¢log(A\/n) otherwise

= E (G(1+)\) EA,LEADINGONES) < "X/l(ﬁy:)n + efrlL/;ll:)L;(j\T/Ln)
= O(nT2 + %)
g(A/n)

E (T(l-i-)\) EA,LEADINGONES) =E (G(l-i-)\) EA,LEADINGONES) A

=E T(1+)\) EA,LEADINGONES | — O(n2 + 10g?)f\/n))
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Discussion

Theorem

|

T(l—i—)\) EA,LEADINGONES — @(n +A- m) for any A = nO®)

G(l—l—)\) EA,LEADINGONES — 6( + M) for any A = nO)
Observations

® G(1+)\) EA,LEADINGONEs — 34(T? logn) for all A

(
® T(14)) EA,LEADINGONES = Q( ) for all A
® T(1+)\) EA,LEADINGONES — O( 2) for A = O(n)
® G(14)) EA LEADINGONES = O(n) A =0O(n)
® T{1+)) EA,LEADINGONES = @( 2) A= 9( )
with A = O(n) linear speed-up without increased workload

Observation ~ Prob (single mutation is improving) = O(1/n) always
= reciprocal of O(n)
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Summary & Take Home Message
Things to remember
e insights and design of appropriate example functions
e immense potential speed-up by crossover
(1+\) EA

e generations vs. function evaluations

success probability and offspring population size

Take Home Message
e Crossover can speed-up search dramatically.
e Problem structure needs to be appropriate for crossover to
work.
e Encoding issues become more important when using crossover.
o Larger offspring population sizes allow for simple utilisation of
parallel computing platforms.
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