CS4618  Atrtificial Intelligence |

Today: Asymmetric Mutations
Crossover

Thomas Jansen

November 23"
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Announcements

Fact some asked for a tutorial/review of CS4618
before the in-class test

Consequence open QA session
date, time and place to be decided
Doodle on course web site

Summary
o]

if you have not done so, enter your data ‘immediately’

since | will decide today at 3pm

Reminder in-class test next Friday

look for sample paper on course web site
late next Monday
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Plans for Today

@ PLATEAU
Reminder
Result for Shifted PLATEAU

@® Crossover
Introduction
Algorithm with Crossover

© 1-Point Crossover
Idea and Example Function
Result

@ Uniform Crossover
Idea and Example Function

@ Summary
Summary & Take Home Message

Summary

[e]
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Remember: Asymmetric Mutations

Asymmetric Mutations

Standard Bit Mutations 1. Forie{l1,2,...,n}

. 2. Ifzfil=1
1. Forie{1,2,...,n}

. T 3. thenp,=1/2|z
2. With probability 1/n 4 else pp _ 1/(<2(T’L |_) 2])).
3. setyi ::.1 ~ x[z] 5. With probability py,
4. else set y[i] := x[i] 6. et yi] 1= 1 — ]
(1+1) EA 7. else set y[i] := z]i]

asymmetric (1+1) EA
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PLATEAU Crossover
PLATEAU
Def.

1-Point Crossover Uniform Crossover
000 0000
000

Pratreau: {0,1}" —{0,1,...,n+ 1}
if x =17
if z =190""%, i€ {0,1,...

otherwise

PLATEAU(Z) =

n—+1
n
n—|z|

Summary
o]

,n—1}
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Remember: Results on PLATEAU

Def. Prareau: {0,1}" — {0,1,...,n+ 1}
n+1 if v =1"

PLATEAU(z) = { n if v =10 i€ {0,1,..

n — |z| otherwise

e E (T(1+1) EA,PLATEAU) = 6(n3)
=efficient

* Prob (Tasym. (14+1) EA,PLATEAU — no(n1/6)> - 279(1@1/6)
=completely inefficient

Is this only due to the slight variation bias
or more due to the plateau-structure?

Consider  asymmetric (1+1) EA on PLATEAU,,,
with ajo = 101010 --- 10

Clear E (T(1+1) EA,PLATEAUam) = 0(n?)

Summary

[e]

,n—1}
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Asymmetric Mutations on PLATEAU,,,

Consider  asymmetric (14+1) EA on PLATEAU,,,
with a19 = 101010--- 10

Consider  1°0" " @ a9 = 1°0"* ¢ 10101010 - - - 1010
=010101---1010

Thus Vo =10""": [1°0" " @ aig| = n — [1°0"* & a1o| (£1)

Summary
o

Thus  Prob (increase number of 1-bits | change number of 1-bits)
~ Prob (decrease number of 1-bits | change number of 1-bits)

everywhere on the plateau

Thus fair random walk on the plateau
for the asymmetric (141) EA on PLATEAU,

Thus E (Tasym_ (1+1) EA,PLATEAUQ()l) = ®(n3)
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Reminder: Crossover Operators

In general  z = crossover(x,y) with z,y,z € {0,1}"

Uniform Crossover

Fori=1ton do 11141011
With probability 1/2 (Jz {ff({)o({{ %
set z[i] = x[i

t

< 8

else set z[i] = y[i] “
1-Point Crossover
Select p € {0,1,...,n} u.a.r. p="7
Fori=1to p do ¢ 011010000111110110
Set 2[i] = afi]. vy 11011100001011100
Fori=p+1tondo

Set 2[i] = ylil. : 01101000001017%00
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PLATEAT Crossover

1-Point Crossover
oe

Uniform Crossover Summary

On Uniform and 1-Point Crossover
Similarities
e both produce one offspring from two parents
e both respect parents: Vi: z[i] = y[i] = z[i] = z[i] = y]i]
e both allow for variability:
Vi: x[i] # yli] = 0 < Prob (z[i]] =0) < 1
Differences
e variability in offspring
e uniform crossover: Va,y: |{z | z = crossover(z,y)}| = 2@

e 1-point crossover: Vz,y: |{z | z = crossover(z,y)}| <n+1
e positional dependencies

e uniform crossover: Vx,y, permutations o:

{z | z = crossover(z,y)} = {o7*(2) | z = crossover(c(z), o (y)) }
e 1l-point crossover: Vx,y, permutations o:

{2 | 2 = crossover(z,y)} # {071 (2) | z = crossover(a(x),0(y))}

demonstrate understanding of uniform and 1-point crossover

by presenting appropriate examples where crossover is essential
for efficiency

Goal
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PLATE Crossover 1-Point Crossover Uniform Crossover Summary

Steady State Genetic Algorithm

Steady State GA

1. Choose z1,2,...,2, € {0,1}" uniformly at random.

2. Repeat

3. With probability p. select 21,20 € {21, 22,...,2,} u.a.r.
z = crossover(z1, z2)
Else select z € {x1,22,...,2,} uniformly at random.

4 y := standard bit mutation(z)

5. Select new z1, 2, ...,x, out of best x1,x2,...,2,,y.

7 Until ‘decide to stop’

8. Output z; with f(z;) = max{f(z;) |1 <j < pu}.

Parameters  crossover probability p. € [0, 1]
population size p € N
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PLATE Crossover 1-Point Crossover Uniform Crossover Summary
00

Ideas for an Example Function for 1-Point Crossover

Observation  Vx,y: [{z | z = crossover(z,y)}| <n+1
= each possible offspring occurs with good probability

Observation  H(xz,y) large = min {H (z, 2),H (y, 2)} may be large
Remember  mutations very sensitive with respect to Hamming distance
‘jumps’ of size k£ exponentially unlikely in k

Prob (H (mutation(z), z) > k) = e~ k)

Idea  construct example function with easy to find local optima
with large Hamming distance to global optimum
where the Hamming distance is easy to bridge for crossover
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PLATEAT Crossover 1-Point Crossover Uniform Crossover Summary

[e]e]e} (ele] o] le} 0000 [e]
[e] [e] 000

Example Function for 1-Point Crossover

Definition  b(z) = max{l | Ji: z[i] =z[i+ 1] = - =z[i +1— 1] = 1}
length of longest block of 1-bits in z

Example n =6, ONEMAX(z) =4
b(x) =4 001111, 011110, 111100
b(x) =3 010111, 011101, 100111, 101110, 111001, 111010
b(x) =2 011011, 101011, 101101, 110011, 110101, 110110

Definition  f1: {0,1}"™ — Ny with
n?+1 if =17
fil@) = n-le] +b(z) if 2] < (2/3)n
0 otherwise
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Example Function for 1-Point Crossover

n?+1 if x =1"
fi(z) = ¢n-jz|+b(x) if |z] < (2/3)n
0 otherwise

Summary

364



PLATEAT Crossover 1-Point Crossover Uniform Crossover
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Without Crossover on f;

n?+1 if = 1"
filz) = qn-|z|+b(x) if x| < (2/3)n
()A otherwise
[ ]
4
ot
Y 4
Y 4
Y4
o’
4

Remember  without crossover only mutation remains
Observations

e Prob (initial population left of ‘gap’) = 1 — 279"
e simultaneous mutation of n/3 bits needed
e probability for such mutations 24"

e — exponential time with overwhelming probability

Summary

[e]
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With 1-Point Crossover on f;

n? + 1 if x =17
filz) = qn-|z|+b(x) if x| < (2/3)n
0 otherwise

Theorem

Consider the steady state GA with crossover probability p. <1 —¢
(constant € > 0) and population size p > n/3.
E (Tea,p,) = O(pn® + 112 /pe)

Proof

Phase 1  until all have (2/3)n 1-bits
E(T) =0O(u-nlogn)
not worse than p times ONEMAX
mutation suffices, no crossover with prob. > ¢ = (1)
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Crossover 1-Point Crossover Uniform Crossover Summary
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At (2/3)n 1-Bits

Phase 2

Phase 3

Phase 4

Thus

until all 1-bits in one block

E(T) = O(p-n°)

prob. move a 1-bit > (1/n?)(1 — 1/n)"~2

mutation suffices, no crossover with prob. > & = (1)

until all local optima

E(T) = O(p-n%)

prob. move a block > (1/n?)(1 —1/n)"~2

mutation suffices, no crossover with prob. > ¢ = (1)

until global optimum

E(T) = O(u?/p.)

prob. pick two good parents and crossover > (1/u?)p.(1/3)
crossover needed

E (Toa,z,) = O(unlogn + un® + pi? /pc) = O(un® + p?/pe)
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Uniform Crossover
@000

|deas for an Example Function for Uniform Crossover

Observation  Vx,y: |{z | 2 = crossover(z,y)}| = oH(z,y)

= probability for a specific offspring may be tiny

Observation  H(z,y) large = min {H (z, 2),H (y, 2)} may be large

Remember  mutations very sensitive with respect to Hamming distance

Idea

‘jumps’ of size k exponentially unlikely in k
Prob (H (mutation(z), z) > k) = e~ (¥)

construct example function with easy to find local optima
with large Hamming distance to global optimum

where the Hamming distance is easy to bridge for crossover
with large global optimum

many neighbouring global optima

b m
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0®00

Preparing an Example Function for Uniform Crossover

Notation  partition bit string x = 2’2" = 2’225z}
x//
2! x!f zy zy
P S —
= LTIl T]
length m length £ length & length k
length m

n=2m=m+m=m+3k=m+Ek+k+k
Definition  circle C = {10, 0°0™ % | i € {1,2,...,m}}

target T = {ayzyzy | |27] = |5| = |23] = [k/2]}
H(z, A) = min{H (z,y) |y € A}
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Example Function for Uniform Crossover

Definition  circle C = {10™*,0°0™ % | i € {1,2,...,m}}
target T = {«afef | o] = |o] = 25| = Lh/2])
H(z, A) = min{H (z,y) | y € A}

Definition  fa: {0,1}"™ — Ny with

n—H(@" C) ifa/#40™and 2" ¢ C

2n —H (2/,0m) ifz" € C

0 if / =0™and 2" ¢ (CUT)
3n ifz/=0mand 2" €T

fa(z) =
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Example Function for Uniform Crossover

Definition  fo: {0,1}"™ — Nj with

n—H(",C) ifa/#40™and 2" ¢ C

2n —H (2/,0m) ifz" € C

0 if /=0™and 2" ¢ (CUT)
3n ifa/=0mand 2" €T

fa(z) =




Summary

Summary & Take Home Message
Things to remember

asymmetric mutations

carefully biasing variation

1-point crossover

insights and design of appropriate example functions
immense potential speed-up by crossover

Take Home Message

Incorporating domain knowledge is usually beneficial.
Biasing variation can speed search considerably.

Think and check what you've done.

Crossover is unique to evolutionary algorithms.

Crossover can speed-up search dramatically.

Problem structure needs to be appropriate for crossover to
work.

Encoding issues become more important when using crossover.
372
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