CS4618  Artificial Intelligence |

Today: Introduction to Probability (cont.)

Thomas Jansen

October 24th
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Plans for Today

@ Random Variables and Expectations
Introduction
Markov Inequality

@® Conditional Probability
Introduction and the Law of Total Probability

© Summary
Summary & Take Home Message
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Observation Expected value may not correspond to possible
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Direct Consequences

Let X,Y be random variables on (€2, Prob), a € R.
e E(X)=>x-Prob(X =x)

e Fla-X)=ua-E(X)
e E(X+Y)=E(X)+ E(Y)

Proof  directly from definition Ol
Consider  random variable X : Q@ — {0,1}

Observation E (X) =Prob(X =1)

Proof E(X)=0-Prob(X =0)+1-Prob(X =1)
=Prob(X =1) O
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Direct Consequences (cont.)

Theorem

Let X,Y be independent random variables on (2, Prob).
E(X-Y)=E(X) E(Y)

Proof E(X-Y)=Y v -Prob(X- Y =v)
=L 2(z-y) - Prob((X =2) A (Y =)
:%:zy:(xy) Prob (X = z) - Prob (Y =y)

x - Prob (X ( y - Prob (Y ))
(X)-E(Y O
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X > 0 random variable, s > 0
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1 ifX>t

Proof Define Y; :=
0 otherwise

Observe X >t-Y;
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Theorem (Chernoff Bounds)
Let X1, Xo,...,X,: Q — {0,1} independent random variables

with

Vie{l,2,...,n}: 0< Prob(X; =1) < 1.
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Let X := > X;.
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o E(X)
V6 > 0: Prob(X > (1+06) - E(X)) < (5%m)
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Proof Ideas
e Transform X to e"¥ for some ¢t > 0.
o Apply Markov Inequality.
e Exploit independence of X1,...,X,,.
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Consider events A, As,...,A,, B

What changes if we know that B occured?

Clearly  new probability distribution such that
Vs e Q\ B: P(s) =0

Stillneed Y P(s)=1
seQNB
Moreover  relative probabilities inside B should not change

VAi, Aj © Bt on(a) = Ba,)

Definition
For events A, B with B # () define the conditional probability of A

given B as Prob (4 | B) := %fég?)'
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E(X)= Y E(X | Bi)- Prob(B;)
i€l

Proof Remember E (X) = Y X(s) - Prob(s)
s5€Q)
E(X | B;) - Prob(B;) = Z )?( ) - Prob (s | B;) - Prob (B;)

Z X(s)- Prob(sﬂB)

Observatlon Vs € Q: > Prob(sN B;) = Prob(s)
el
since B; are a partition
> E(X | B;)-Prob(B;) =X > X(s)-Prob(snNB;)
i€l i€l s€Q
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Law of Total Probability for Random Variables
Clearly  for random variable X, event B, E (X | B) well defined

Theorem

Let B; with i € I be a partition of ), X a random variable.
E(X)= Y E(X | Bi)- Prob(B;)
i€l

Proof Remember E (X) = Y X(s) - Prob(s)
s5€Q)
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Law of Total Probability for Random Variables
Clearly  for random variable X, event B, E (X | B) well defined

Theorem

Let B; with i € I be a partition of ), X a random variable.
E(X)= Y E(X | Bi)- Prob(B;)
i€l

Proof Remember E (X) = Y X(s) - Prob(s)
s5€Q)
E(X | B;) - Prob(B;) = Z )?( ) - Prob (s | B;) - Prob (B;)

Z X(s)- Prob(sﬂB)

Observatlon Vs € Q: > Prob(sN B;) = Prob(s)
el
since B; are a partition
> E(X | B;)-Prob(B;) =X > X(s)-Prob(snNB;)
i€l i€l s€Q
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Summary & Take Home Message

Things to remember

e Markov inequality

e distributions: binomial, geometric
e Chernoff bounds
e conditional probability

Take Home Message
e Probability theory is not very complicated.

e Proving useful results is not very difficult.
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