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9. Logistic Regression

HOML - 9. Logistic



In this lecture, for binary classification we use the same student data that we used in a previous lecture. For
multiclass classification, we use the Iris dataset. This widely-used dataset was created by the (in)famous
statistician, Ronald Fisher (Fisher, R.A. " The use of multiple measurements in taxonomic problems”, Annual
Eugenics, 7, Part Il, 179-188, 1936). The dataset is available all over the web now, especially the following
dataset repository: https://archive.ics.uci.edu/ml/datasets/iris

gistic Regression



https://archive.ics.uci.edu/ml/datasets/iris

Regression

Classification

Decision Trees

kNN

Linear Models

Use MSE as the splitting criterion

Take the mean of the neighbours’ y-
values

Linear Regression, e.g. OLS regression
which uses MSE as the loss function

ogistic Regres

Use, e.g., Gini as the splitting criterion

Take a majority-vote of the neighbours’
y-values

Logistic Regression using cross-entropy
as the loss function




Linear Regression Logistic Regression

® |n Linear Regression we want to find the ® Despite its name, Logistic Regression is a
line/plane/hyperplane that best fits the classifier, not a regressor.
training examples — it ‘goes through the

° : In Logistic Regression for binary
middle of them’. classification, we want to find the line/
plane/ hyperplane that best separates
training examples of different classes.

Ideally, we want positive examples on one
side and negatives on the other side. If we
get this, we say that the dataset is linearly
separable.
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Revision Logistic Regression

® Given an object x, a classifier outputs a ® Given an example x, Logistic Regression
label, y € C. predicts the probability that x belongs to the
® Instead, a classifier could output a positive class, Prob(y =1 | x).

probability distribution over the labels C.

® E.g. given an email x, a spam filter might
output (0.2,0.8) meaning the probability
that x is ham is 0.2, and the probability that
it is spam is 0.8.

® The probabilities must sum to 1.

® |n fact, a binary classifier can output just one
probability, rather than two. Why?
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Logistic Regression

g q q q Sigmoid function
® |ogistic Regression is a linear model, so we 10 9

are trying to find values for b and wy, ..., wy:

z=b+wix;+ -+ wpxp °

® But we need it to produce a probability. 06
® To ‘squash’ z to [0, 1], we use the sigmoid 3
function (also called the logistic function or 04
the logit):
1 0.2
o(2)=— =
14 e 2
0.0 T T T T T ™
° Puttlng It a” together: -100 -75 -5.0 =25 0.20 25 5.0 7.5 10.0

Prob(y =1 | x) =o(b+ wix1+ -+ Wnxn)
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The Loss Function for Logistic Regression

® During training, we must find values for the parameters, b,wy,...,wp.
® Recall that we refer to each choice as a hypothesis, h.
® \We need a loss function to score the hypotheses — we pick the hypothesis with lowest loss.

® We need a loss function, which penalizes a hypothesis if
® it outputs high probabilities for negative examples; and
® it outputs low probabilities for positive examples.
® The loss function that we will use is called binary cross-entropy and is based on logarithms. (It is also
called the log loss function.)
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Positive Examples
® Consider a single training example x whose
actual class y = 1.

® —log(h(x)) is a useful loss function:
ify=1

0.0 0.2 0.4 0.6 0.8 1.0

h(x)

Negative Examples
® Consider a single training example x whose
actual class y = 0.

® —log(1l — h(x)) is a useful loss function:
ify=0

0.0 0.2 0.4 0.6 0.8 10
h(x)
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Binary Cross-Entropy

® |n summary, for a given example x, we propose the following as the loss function

—log(h(x)) ify=1
{ —log(l— h(x)) ify=0

Or, equivalently:

—ylog(h(x)) + —(1 — y) log(1 — h(x))
Or

—[y log(h(x)) + (1 — y) log(1 — h(x))]

® The overall loss function, J, is simply the average of this over all the training examples:

JXoy = =237 [ylog(h(x) + (1~ v)log(1 — h(x)]
xeX,y€y
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Finding the Hypothesis that Minimizes Binary

Cross-Entropy
® Happily, this loss function is convex. What
does that mean?

® But there is no equivalent to the Normal
Equation.

® \We must use Gradient Descent.

® Since we are using Gradient Descent, we
must remember to scale the data.

Stochastic Gradient Descent

gistic Regressi

initi

for

end

alize w randomly;

each epoch do
shuffle the training set;

for each example x do
w — w — ax(o(wx) — y);

end




Types of Classification Even More Types of Classification

® Binary Classification: there are ® Multilabel Classification: the classifier can assign x to
just two classes, i.e. [C| =2, e.g. more than one class.
fail/.pass, h;_am/spam, ® The classifier outputs a set of labels, y C C.
benign/malignant. ® E.g. consider a movie classifier where the classes
® Multiclass Classification: there are genres, e.g.
are more than two classes, i.e. C = {comedy, action, horror, musical, romance}
ICl >2 The classifier's output for The Blues Brothers
® E.g. a post to a forum or should be {comedy, action, musical}.
discussion board can be a Do not confuse this with multiclass classification.
question, an answer, a ® Ordered classification: there is an ordering defined on
clarification or an irrelevance. the classes.

® E.g. an iris can be Iris setosa,
Iris versicolor or Iris virginica

® The ordering matters in measuring the
performance of the classifier.
® E.g. consider a classifier that predicts a student's
degree class, i.e. C = {Ordinary, 3rd, 2ii, 2i, 1st}
® Suppose for student x, the actual class
y = Ist
® One classifier predicts y = 2ii
® Another classifier predicts y = 2/
® Which classifier has done better?
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Multiclass Classifiers
® Decision Trees can be used for multiclass
classification without change.
® kNN classifiers also.

® But Logistic Regression is for binary
classification.

Multinomial Logistic Regression

Logistic Regressiol

Multinomial Logistic Regression is for
multiclass classification.

Instead of learning one set of parameters, it
learns one per class — in other words, it is
learning a line/ plane/ hyperplane for each
class.

Instead of outputting one probability, it
outputs |C| probabilities — one per class.

‘Squashing’ is more complicated because not
only must each output be squashed to [0, 1],
they must also sum to 1. So we do not use
the sigmoid function. We use the softmax
function.

In place of binary cross-entropy, we use a
generalization called categorical
cross-entropy.




For those who want all the maths

Multinomial Logistic Regression

® Multinomial Logistic Regression
learns a set of parameters w for
each class c € C

® Then, the probability that x
belongs to class ¢ will use w¢
with the softmax function:

Prob(y = c | x) = o(wex)
eWex

B ZNEC ewnX

Categorical Cross-Entropy

® The loss function for Multinomial Logistic Regression
generalises binary cross-entropy:

J(X,y, h) = % > Y int(y = k)log(a(wkx))

xeX,yey keC
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