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Abstract

Several theories aimed at reconciling the partial order and the metric space ap-
proaches to Domain Theory have been presented in the literature (e.g. [FK97], [BvBR9
8], [Smy89] and [Wag94]).

We focus in this paper on two of these approaches: the Yoneda completion of gen-
eralized metric spaces of [BvBR9S8], which finds its roots in work by Lawvere ([Law73],
cf. also [Wag94]) and which is related to early work by Stoltenberg (e.g. [Sto67],
[Sto67a] and [FG84]), and the Smyth completion ([Smy89],[Smy91],[Smy94],[Stin93]
and [Stin95]).

A net-version of the Yoneda completion, complementing the net-version of the
Smyth completion ([Stin95]), is given and a comparison between the two types of
completion is presented.

The following open question is raised in [BvBR98]: “An interesting question is to
characterize the family of generalized metric spaces for which [the Yoneda] completion
is idempotent (it contains at least all ordinary metric spaces).”

We show that the largest class of quasi-metric spaces idempotent under the Yoneda
completion is precisely the class of Smyth-completable spaces. A similar result has
been obtained independently by B. Flagg and P. Siinderhauf in [FS96]'. We present
an entirely new proof of the result via concrete standard techniques and compare this
approach with the more abstract categorical machinery of [FS96]. Our proof is based
on a new characterization of Smyth-completability of quasi-metric spaces in terms
of sequences, which considerably simplifies prior characterizations for quasi-uniform
spaces (e.g. [Siin93] and [Siin95]).

We also show that the ideal completion, and hence the Yoneda completion and the
Smyth completion, are not sequentially adequate in general.

The study of the properties of total boundedness, precompactness, hereditary pre-
compactness and compactness is motivated and we analyze the preservation of these
properties under the two kinds of completion in the possible absence of idempotency.
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1 Background

The following notation is used throughout: N denotes the set of natural numbers, R
denotes the set of real numbers and Rt = [0, 00).

For standard topological notions such as a topology, the supremum topology
VierT; of a family of topologies (7;);cr etc., we refer the reader to e.g. [Dug66].

If (X,7,,7,) is a triple consisting of a set X and two topologies 71 and 75 on
X, then the notation int7 A, where A C X and ¢ € {1,2}, indicates the interior of
the set A with respect to the topology 7;.

A topology 7 on aset X is Ty if Ve,y €e X.o #y =30 € T.x € Oand y ¢
Oord0' €eT. 2¢O andy e 0.

Given a sequence (z,), in R, let A be its set of points of accumulation. Then,
with respect to the usual order on the reals, limsup,z, is the least upperbound of
A, provided it exists and +oo otherwise, and limin f,x, is the greatest lowerbound
of A, provided it exists and —oo otherwise. We use the notation “lim” and “lim” for
limsup and liminf.

A filter F on a set X is a non-empty subset of P(X) such that

)VF,Ge F.FNGeF
QIVGCX. AFe FFCG) =GeF
3)0 ¢ F.

A base B for a filter F of P(X), is a subset of F such that F = {F|3B € B. B C

For any set X, let A = {(z,z)|z € X}. For any two binary relations R and S,
let R oS denote their composition and let R~! denote the inverse relation obtained
from R.

A quasi-uniformity on a set X is a filter U of P(X x X) such that:

YU eU ACU
2)VU cUUIV eU. VoV CU.

A wuniformity on a set X is a quasi-uniformity ¢ on X which also satisfies:
WY eUuUtel

The elements of a (quasi-)uniformity are referred to as entourages. A (quasi-
Juniform space is a pair (X,U) consisting of a set X and a (quasi-)uniformity & on
X. If (X,U) is a quasi-uniform space, A a subset of X and U € U, then U(A) =
U{U(z)|z € A}, where Vz € X. U(z) = {y| (z,y) € U}.

If U is a quasi-uniformity on a set X then the trace quasi-uniformity U|A of U on
a subset A of X is defined by: U|A ={UN (A x A)|U eU}.

A function f:(X,U) — (Y,V) between quasi-uniform spaces is quasi-uniformly
continuous if YV € V3IU € U. fA(U) C V, where f2(U) = {(f(x), f(y))|zUy}. A



function f:(X,U) — (Y, V) between quasi-uniform spaces is a quasi-unimorphism iff
f is a bijection and f and f~! are quasi-uniformly continuous.

The conjugate quasi-uniformity U~! of a quasi-uniformity ¢/ is defined by: U~ =
{UY|U € U}. Moreover U* is the coarsest uniformity on X finer than &/ and U,

The topology 7 (U) induced by a quasi-uniformity & on X is {O C X|Vz €
X3U € U.U(z) C O}. A quasi-uniform space (X,U) is Tp if the topology T (U) is
Ty. The quasi-uniform space generated by a partial order (X, <) is the space (X,U<)
where U< is the filter generated by the singleton {<}. We denote this by U = {<
} 7. We remark that U< corresponds to the quasi-uniformity generated by the base
B = {<} (e.g. [FL82]). We recall that the associated partial order of a T quasi-
uniform space (X,U) is the relation <py= NU. In case U = {<y;} T, we say that the
quasi-uniform space encodes the partial order <z,.

A quasi-uniform space (X,U) is precompact if for each U € U there is a finite
subset F' of X such that X = U(F). A binary relation U on a set X is called
hereditarily precompact provided that for any A C X there is a finite set I’ such that
A CU(F). A quasi-uniform space is hereditarily precompact if each of its entourages
is hereditarily precompact or, equivalently, each of its subspaces is precompact.

A quasi-orderis a reflexive transitive binary relation. A well-quasi-orderis a quasi-
order in which every strictly decreasing sequence is finite and for which every set of
pairwise incomparable elements is finite. One of the (many) equivalent definitions of
the notion of a well-quasi-order is a quasi-order in which each non-empty set has at
least one but not more than finitely many (non-equivalent) minimal elements.

A function d: X x X — R" U{+oo} is a quasi-pseudo-metric if

1) Ve.d(z,2) =0
2) Va,y,z.d(z,y) + d(y, z) > d(z, 2).

We remark that traditionally a quasi-pseudo-metric is required to take finite val-
ues (e.g. [FL82]). However as the Yoneda completion of [BvBRI8] involves general-
ized metrics which allow for infinite distances, we have adapted the definition of a
quasi-pseudo-metric accordingly. It is well known that this difference does not affect
classical topological results concerning the spaces in general, and this is in particular
the case for the results referred to in the present paper.

A quasi-pseudo-metric space (X, d) is a pair consisting of a set X and a quasi-
pseudo-metric d on X.

The topology T 4 associated with a quasi-pseudo-metric space (X, d) is the topology
generated by the base consisting of the sets B.[z] = {y|d(x,y) < €}, where ¢ > 0 and
reX.

The quasi-uniformity U, generated by a quasi-pseudo-metric d on a set X is the
filter generated on X x X by the set of relations (B.sg)., where Ve > 0.B, =
{(z,y)ld(z,y) <e}.

A quasi-pseudo-metric space is Ty if its associated topology is T.



If the quasi-pseudo-metric space (X, d) is Ty then we refer to the space as a quasi-
metric space. In that case axiom 1) and the Tj-condition can simply be replaced by:

V) Va,y.d(x,y) =d(y,x) =0z =y.

The conjugate d—! of a quasi-pseudo-metric d is defined to be the function d~!(x, y)
= d(y,x), which is again a quasi-pseudo-metric (e.g. [FL82]). The conjugate of
a quasi-pseudo-metric space (X,d) is the quasi-pseudo-metric space (X,d!). The
pseudo-metric d* induced by a quasi-pseudo-metric d is defined by d*(x, y) = maz{d(z,
y),d(y,z)}. The topology induced by the pseudo-metric d* is referred to as the asso-
ciated symmetric topology. The associated preorder <4 of a quasi-pseudo-metric d is
defined by =z <; y < d(z,y) = 0.

If (X,d) is a quasi-metric space then we define the equivalence relation ~; by:
Ve,ye Xox~jyer<gyandy <y x.

We write that a quasi-metric space (X, d) encodes a partial order when V,y €
X.d(z,y) € {0,400}. In that case we also write that the encoded order is the order
(X, <4). Conversely, for a given partial order (X, <), one can define a quasi-metric
space (X, d<) which encodes the order, in the obvious way.

The function d;: R* — R*, defined by d;(z,y) = y—z when 2 < y and d; (z,y) = 0
otherwise, and its conjugate are quasi-pseudo-metrics. We refer to d; as the “left
distance” and to its conjugate as the “right distance”. These quasi-pseudo-metrics
correspond to the nonsymmetric versions of the standard metric m on the reals, where
Ve,y € R.m(x,y) = |z — yl.

Note that the right distance has the usual order on the reals as associated order,
that is Vz,y € R.x Sty e Ty, while for the left distance we have Vx,y €
Rarx<gyez>y.

For the definition of a net, we refer the reader for instance to [Gie80]. A Cauchy
net on a quasi-pseudo-metric space (X, d) is a net (x))xea such that Ve > 03\ Vv >
p > Ao.d(x,, z,) < e. The terminology “forward (or left) Cauchy nets” is sometimes
used to indicate Cauchy nets, as opposed to “backward (or right) Cauchy nets”; that
is nets which are Cauchy with respect to d=*. A biCauchy net on a quasi-pseudo-
metric space (X, d) is a net (z))xea such that Ve > 03XV, v > Ao d(z,,z,) < e
A net (xy)xen on (X, d) is biCauchy if the net (z))xea is a Cauchy net on the metric
space (X, d*).

A function f:(X,d) — (X',d') is an isometry if f is a bijection and Vz,y €
X.d(f(x), fly)) = d(x,y). If there exists an isometry between the quasi-metric
spaces (X, d) and (X’,d’) then we say that these spaces are isometric and we denote
this by: (X,d) = (X', d').

A quasi-pseudo-metric space (X,d) is totally bounded if Ye > 03dxy,...,x, €
XVee XFiel{l,...,n}.d"(z,z;) <e.

A quasi-pseudo-metric space (X, d) is precompact if Ve > 03xy,... 2z, € X V& €
XFe{l,...,n}.d(z;,z) <e.

For metric spaces, the notion of precompactness and total boundedness coincide.



In general, one only has that total boundedness implies precompactness.
A quasi-pseudo-metric space (X, d) is hereditarily precompact when every subspace
of the space (X, d) is precompact.

A quasi-uniform space (X, U) is bicomplete if the uniform space (X, U*) is com-
plete.
A bicompletion of a quasi-uniform space (X, U) is a bicomplete quasi-uniform space
(Y, V) which has a 7 (U*)-dense subspace quasi-unimorphic to (X, U). T, quasi-
uniform spaces have a unique (up to quasi-unimorphism) 7 bicompletion ([FL82]),
indicated by “the bicompletion”.

A quasi-metric space (X, d) is bicomplete if every biCauchy sequence converges
with respect to 7 4. The (sequential) bicompletion (YB, EB) of a quasi-metric space
(X, d) is defined as follows (e.g. [DiCT71]):

X" = {(€a)a] (2a)a is bi-Cauchy}

4" (@n)ns W) = i (0, Yn)-
YB = yb/%gb
4° (@)l [W)a]) = @ ((20) 0 (Y))-

We remark that lim,,_.d(z,,y,) is well defined in this context, since (d(zn, Yn))n
is a Cauchy sequence in R with respect to the ordinary metric.

Finally, we recall the definition of the ideal completion (e.g. [DP90]) and of the
chain completion.

If (P,C) is a partial order and A is a nonempty subset of P, then A is an ideal if
Vye A.x Cy=x € Aand A is directed; that is Vz,y € Adz € A.2 C z and y C 2.

A cofinal subset B of a directed partial order (A,C) is a subset B of A which
satisfies the following: Vo € Ady € B.x C y.

The ideal completion of a partial order (P,C, 1) with a least element L, is the
partial order (@, C,{L}) where @ is the set of all ideals.

We remark that in the following we will use the standard terminology “chain com-
pletion” as used in theoretical computer science (e.g. [BvBR98]), where the notion of
a chain refers to a countable linear order. This replaces the standard mathematical
definition of a chain as a linear order.

Let (P, <) be a partial order. A sequence (x,), in P is eventually increasing if
IngVm,n > ng.m < n = z, < x,. We let S(P) denote the set of eventually in-
creasing sequences for this partial order.



‘The chain completion of a partial order (P, <) is defined to be the partial order
(P',T"), where P' = S(P),_, and where:

V(@) € S(P) ¥(ym)m € S(P).
(Z)n T Ym)m < InVk >nV¥m 3 > m.x, <y

("EN)N ! (ym>m < (xn)n EZ (ym)m and (ym)m EZ (xn)n
Y[(@n)a] € P’ V[(ym)m] € P

[(Zn)n]

Ir

Remarks:
1) It is easy to verify that the relation = is an equivalence relation.

2) It is well known (e.g. [BvBR9S8]) that for countable partial orders, the ideal com-
pletion and the chain completion coincide.

3) An equivalent version of the chain completion encountered in the literature (e.g.
[CV74]) is the following;:

The chain completion of a partial order (P, <) is defined to be the pair (P,E),
where P = S(P),. and where:

V(Zn)n € S(P) Y (Ym)m € S(P).
(T)n C (Ym)m < IK'VE > KAV > 1.2 <y

(Zn)n = Wm)m < (Tn)n E (Um)m and (Ym)m E (Tn)n

VKIH)H] epP v[(ym)m] S

It is this last version of the chain completion which has led to the Smyth comple-
tion, as apparent from the sequential version of the Smyth completion presented in
[Smy89].



2 Introduction

Two main types of domain theoretic completions are known: the Smyth completion
([Smy89],[Smy91],[Smy94],[Siin93] and [Siin95]) and the Yoneda completion [BvBR9
8].

One can verify that the Smyth completion is an idempotent operation, while the
Yoneda completion is not. We recall that the idempotency of the Smyth completion
follows from the universal property of the completion, as remarked in [Siin93] (Section
3.3).

Historically, a sequential completion of quasi-uniform spaces, which has inspired
the development of the Smyth completion, has first been introduced in [Smy89]. A
different type of sequential completion considered in [Smy91] has led to the study of
the Yoneda completion in [BvBR98|. Since this last completion has been formulated
in terms of sequences, we will refer to it in the following as the “sequential Yoneda
completion” .

We introduce a general net-version for the Yoneda completion, simply referred to
as the “Yoneda completion”, complementing the net-version of the Smyth completion
provided in [Siin95]. The two types of completion are compared and are shown to
yield identical quasi-uniform spaces on any quasi-metric space.

In the remainder of the paper we focus on idempotency, sequential adequacy and
on the preservation of topological properties by the completions.

Both the Yoneda completion and the Smyth completion have a definite appeal
from a domain theoretic perspective, in view of the types of completion they embody.
On the other hand each approach has characteristic problems.

In order to simplify the theory of the Smyth completion, Smyth has proposed in
[Smy91] to focus on totally bounded spaces as domains of computation. As pointed
out in [BvBRIS], the price to be paid for the resulting simplification is that one has to
work with a restricted class of spaces: the spectral spaces (e.g. [Smy91] and [Vic89]).
Hence a full reconciliation between metric spaces and partial orders is not possible
as only algebraic cpo’s which are so-called 2/3 SFP are spectral when taken with the
Scott topology ([Plo83], [Smy91], [Smy92] and [Vic89)]).

On the other hand, non-idempotent completions have not extensively been studied
in the literature and hence their properties are not yet well known. This of course
does not imply any negative properties of such a completion.

The non-idempotency of the Yoneda completion leads to the question, raised in
[BvBRI8], to characterize the class of spaces for which the Yoneda completion is
idempotent. From the point of view of competitiveness with the approach presented
in [Smy91], it would be desirable that this class is sufficiently large to at least include
the totally bounded spaces.

We show that the largest class idempotent under the Yoneda completion consists of
the Smyth-completable spaces, where the Yoneda completion of a Smyth-completable
quasi-metric space coincides with its bicompletion. In particular we obtain that the
Yoneda completion is idempotent on the class of totally bounded spaces.



A similar result has been obtained earlier and independently by Flagg and Stinder-
hauf ([FS96]). The proof methods involved are however entirely different.

The approach taken in [FS96] relies on the theory of continuity spaces and hence
involves the machinery of categories enriched in a value quantale ([F1a96]).

The authors essentially transpose results of [Siin93] on topological quasi-uniform
spaces to the context of continuity spaces, by introducing the notion of a topological
continuity space. This is a continuity space equipped with an extra topology which
is not necessarily the topology associated with the distance function of the continuity
space. This allows one to define a notion of Smyth completion in this context, similar
to the Smyth completion of a topological quasi-uniform space.

Again similar to the case of topological quasi-uniform spaces, where each quasi-
uniform space equipped with its associated topology as extra topology can be shown
to be a topological quasi-uniform space, the authors show that any continuity space
equipped with its associated topology as extra topology, is a topological continuity
space (Proposition 9.1 of [FS96]).

Moreover, a notion of ideal completion is introduced, by transposing ideas on the
Yoneda completion of [BvBR9S8]| from the context of generalized metric spaces to the
context of value quantales.

The authors then show (cf. Theorem 29 of [FS96]) that for the case of a continuity
space, viewed as a topological continuity space, the ideal completion and the Smyth
completion have underlying continuity spaces which are isomorphic.

Then they proceed to show that the double iteration of this ideal completion on
a continuity space is idempotent if and only if the Scott- and Alexandroff topologies
on the original continuity space coincide (Corollary 32 of [FS96]).

Finally, they note that the double iteration of the ideal completion on a continuity
space is idempotent if and only if the Scott and Alexandroff topologies on the ideal
completion coincide (Corollary 32 of [FS96]). This involves Theorem 29 of [FS96]
as well as the idempotency of the Smyth completion shown in [Siin93|. Theorem 5
of [Sin95], which relates the coincidence of Scott and Alexandroff topologies for the
Smyth completion with the Smyth-completability of the space, is then used to reach
the conclusion that the Yoneda completion of a continuity space is idempotent if and
only if the space is Smyth-completable (Corollary 33).

Our own approach, in comparison, is much more direct, as it does not rely on
prior results regarding the Smyth completion? and does not involve the more abstract
category theoretic machinery of [F'S96].

We focus on the notion of Smyth-completability for quasi-metric spaces. We
characterize the Smyth-completable quasi-metric spaces as the spaces for which every
Cauchy sequence is biCauchy (Theorem 9). This result might indeed be expected
in the light of [Stin93] where a similar characterization for quasi-uniform spaces is

2With the exception of one application of Proposition 19 in order to show that the Yoneda
completion coincides with the bicompletion on the class of Smyth-completable spaces. Cf. the proof
of Theorem 26. This is only a convenient short cut which can easily be eliminated via a direct proof
if one so desires.



presented in terms of nets, if one uses an intuition based on symmetric topology.
The proof however requires some subtlety since non-symmetry is involved and the
resulting characterization is considerably simpler since sequences are much easier to
handle than nets.

Then we show that a quasi-metric space is Smyth-completable if and only if its
bicompletion is Smyth-completable (Proposition 10).

Finally, using this result, we proceed to show that the class of Smyth-completable
space is the largest class of spaces on which the Yoneda completion is idempotent.

It is a natural question, from a topological point of view, to consider whether, un-
der a suitable condition, a sequential completion is adequate; that is whether a general
completion based on filters or nets is replaceable by such a sequential completion. If
this is the case, we say that the general completion is sequentially adequate (under
the given condition).

For instance, in [Dug66], it is shown that for a uniform space with a countable base,
sequential completions are adequate. The question is also relevant from a computer
science point of view, since the possibility to work with sequences rather than with
nets or filters leads to a considerable simplification of the theory.

We show that in general the ideal completion is not sequentially adequate and
some implications for the sequential Yoneda completion of [BvBR9S8] are discussed.

From the fact that for Smyth-completable spaces the Yoneda completion reduces
to the bicompletion, we obtain that the Yoneda completion preserves total bound-
edness and compactness with respect to the associated symmetric topology. As an
exploration of how well behaved, from a topological point of view, the completion is,
we analyze the preservation of topological properties which do not necessarily imply
the idempotency of the completion. In particular we show that precompactness and
compactness are preserved, but that hereditary precompactness is not. We remark
that the choice for the study of these properties has in part been motivated by their
connections with theoretical computer science.

A motivation for the study of totally bounded spaces has been given in [Smy91].
We investigate the preservation of precompactness as a non-symmetric version of this
notion, for which the idempotency of the Yoneda completion is not guaranteed.

It is easy to see that precompactness for the case of a quasi-metric space (X, d)
which encodes a partial order, amounts to the following requirement: dzq,...,x, €
X.X=nTU...Uz,l, where Vx € X. 2T ={y € X|y >4 x}.

Since partial orders which arise in denotational semantics typically have a mini-
mum L, the corresponding quasi-metric spaces are precompact. We remark that for
bounded-complete w-algebraic cpo’s (e.g. [Smy91]), the notion of precompactness and
the possession of a minimum coincide since any bounded-complete algebraic cpo is a
join semilattice, that is any two elements have a greatest lower bound (e.g. [Gun92]).

This fact has been used in [Smy92| to guarantee that the notion of a spectral
“cpo” of [Smy92], which does not require the existence of a minimum, truly is a cpo.
In other words, the precompact spectral cpo’s of [Smy92| are cpo’s in the classical
sense.

10



We recall that the notion of a well-quasi-order has well-known applications in the
theory of rewrite systems, in particular in the context of termination proofs (e.g.
[DJ90]). In [KR], the (strong) relationship between hereditary precompactness and
well-quasi-orders is studied. In particular, it is shown that a binary relation is hered-
itarily precompact if and only if it is a well-quasi-order. Hence every hereditarily
precompact quasi-uniform space which encodes a partial order, encodes a well-quasi-
order.

Connections involving equational theories, rewrite rules, recursion and partial
order completions have been discussed in the literature (e.g. [CV74]), raising the
question as to whether hereditary precompactness and in particular the notion of a
well-quasi-ordering, might be preservable by such completions. We answer this ques-
tion in the negative for the Yoneda completion as well as for the Smyth completion,
but remark that the property is preserved under the bicompletion. Finally, some
motivation is given for the negative results in the context of termination proofs for
rewrite systems.

For the sake of completeness, we briefly recall in the following section the definition
of a topological quasi-uniform space as well as the definition of the Smyth completion
of such a space. We also provide a simplified characterization of the notion of Smyth-
completability.

3 The Smyth completion

We recall the definition of a topological quasi-uniform space (e.g. [Stin93] or [Kiin93]).

Definition 1 A topological quasi-uniform space is a triple (X,U,T) where X is a
set, U 1s a quasi-uniformity and T is a topology on X such that the following azioms
are satisfied:

(A)VO € TV2 €03V cUIO' € T.2 €O and U(O') C O.
(A) YU eUUTV € U.V C U andVz € X. VY (x) is T-closed.
(A3) VU e UTV e UVO € T.V(0) C intrU(O).

A topological quasi-metric space is a triple (X,d,T) consisting of a quasi-metric
space (X, d) and a topology T such that (X, Uy, T) is a topological quasi-uniform space.
Definition 2 A TQUS-morphism f: (X, U, T) — (X', U, T") between topological

quasi-uniform spaces is a map f: X — X' satisfying:

(CY) f is T-T continuous.
(Cy) fasU U quasi-uniformly continuous.

11



Definition 3 Let (X,U,T) be a topological quasi-uniform space and let U € U. The
relation <y of U-strong containment between subsets A and B of X is defined as
follows:

A<y B& 30,00 €T.ACO,U(0O) CO" and O' C B.

A filter F of P(X) is S-Cauchy < YU e UVF € FIx € FNO € T . {z} <y O =
OecF.

A filter F of P(X) is round & VF € FAI0 € FNT AU € U.O <y F

The topological quasi-uniform space (X,U,T) is Smyth complete < every round
S-Cauchy filter of P(X) is the T -neighborhood filter of a unique point.

The definition of a computational Cauchy net ([Stin97]) will be useful in the fol-
lowing.

Definition 4 A computational Cauchy net (xs)sca on a topological quasi-uniform
space (X,U,T) is a net such that for each entourage U there is an index 6y € A such
that for any & € A with & > 8y and for any O € T with zy <y O we have that
(x5)sen 1s eventually in O; that is 359 V§ > do. x5 € O.

Definition 5 Let (X,U,T) be a topological quasi-uniform space. Define for arbitrary
A C X: A = {F|F is around S-Cauchy filter of P(X) satisfying A € F}. For
UclU, define U by: VF,G e X.(F,G) e U V0,00 cTNF.O<y 0 =0 €G.

Theorem 6 [Sin93] The set U={VePXxX)|3UeclUUC V}is a quasi-
uniformity on X and the set {O|O € T} is a base for a Ty topology T on X. The
triple (X U T) 1s a Smyth complete topological quasi-uniform space.

If the topology T is Ty, the mapping i: X — X defined by x — N(z), where N (x)
is the T -neighborhood filter at x, is an injective TQU S-morphism and X and i(X)
are isomorphic as topological quasi-uniform spaces. Moreover, i(X) is T -dense in X.

Next we recall the universal property for the Smyth completion, which in partic-
ular implies the idempotency of this completion.

Proposition 7 [Sin93] If f:(X,U,T) — (X', U',T") is a TQUS-morphism and
(X",U', T") is Smyth complete, then there exists ezactly one extension f: (X, U, T) —
(X" U',T') of f, that is there is exactly one TQU S-morphism f: X — X' satisfying

f=7Foi.

3.1 Smyth-completability

The Smyth-completable (topological) quasi-uniform spaces have been defined in [Siin9
3] as the (topological) quasi-uniform spaces of which the Smyth completion is again a
quasi-uniform space; a condition which in general is violated as indicated in [Siin93].

Apart from forming a class with nice closure properties with respect to the Smyth
completion, the Smyth-completable spaces can be interpreted to form a class of non-
symmetric spaces which still posses an “inherent symmetry”; that is to form a class
of “weakly symmetric” spaces.
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This interpretation is based on a characterization of Smyth-completable (topolog-
ical) quasi-uniform spaces in terms of Cauchy nets (Theorem 5 of [Stin95]), which we
discuss below.

We adopt this characterization in what follows as an alternative definition of the
Smyth-completable spaces, as this approach does not require any reference to the more
abstract context of the theory of topological quasi-uniform spaces nor a reference to
the Smyth completion.

The definition given below is based on an adaptation of this characterization to
the specific case of the quasi-pseudo-metric spaces, which suffices for our purposes.

Definition 8 A quasi-pseudo-metric space (X, d) is Smyth-completable if every Cauchy
net on (X,d) is biCauchy.

The Smyth-completable quasi-pseudo-metric spaces are weakly symmetric in the
sense that any net which is a Cauchy net with respect to the quasi-pseudo-metric d
is also a Cauchy net with respect to the metric d*.

The weakly symmetric nature of the spaces is illustrated by the fact that some
properties of metric spaces generalize, under suitable hypotheses, to the context
of Smyth-completable spaces. For instance Proposition 12 of [Kiin93]: “A hered-
itarily precompact Smyth-completable (topological) quasi-uniform space is totally
bounded”, which can be viewed as a generalization of the symmetric case where
precompactness implies total boundedness.

The weak symmetry also lies at the basis of the fact that for Smyth-completable
spaces, the Smyth completion simplifies to the bicompletion ([Stin95]).

We show that the Smyth-completability condition can be simplified for the case of
quasi-pseudo-metric spaces to a requirement on sequences rather than on nets. In fact
a characterization in terms of sequences corresponds precisely to a requirement given
by Smyth. In [Smy91] (Section 8.3) it is remarked that (for quasi-metric spaces) “...
as soon as the notions of Cauchy sequences (and filters), limits and completeness come
into play, however, the situation becomes rather chaotic: many conflicting versions
can be found in the mathematical literature.”

In order to remedy the situation, [Smy91] focuses on totally bounded spaces for
which the three main notions (Cauchy, right Cauchy and biCauchy) coincide.

The reason for this is that for totally bounded quasi-pseudo-metric spaces every
Cauchy sequence is biCauchy (cf. the proof of Theorem 10 of [Smy91]). We show
that this condition for quasi-metric spaces corresponds to Smyth-completability (cf.
also [Sch96]).

Theorem 9 A quasi-pseudo-metric space is Smyth-completable if and only if every
Cauchy sequence on the space is biCauchy.

Proof: Let (X,d) be a quasi-pseudo-metric space. It suffices to show that when
every Cauchy sequence on (X, d) is biCauchy, the space (X, d) is Smyth-completable.

We assume by way of contradiction that every Cauchy sequence on the space is
biCauchy, but that the space is not Smyth-completable. Then there exists a Cauchy
net (x))xrea which is not biCauchy, that is

13



(1) Ve > 03NV > 0 > Ao d(xy, w,) < €.
(2) Jeo > 0VAIp, v > Ad(x,, x,) > €.

Consider (€;);>1, a strictly decreasing sequence such that €¢; < ¢y and with limit 0.
We define a sequence (z,,,2,,;);>1 by induction as follows:

a) For €, obtain Ay via (1), and obtain z,,, z,, via (2) for A;.
b) Assume that (7, 7,,)1<j< has been defined.

For €41, obtain A, via (1). Consider an index Ay1; such that Mgy > Ny, fe, Uk
and obtain z,, ., and z,, , via (2) for Agyq.

The reader may find it helpful to refer to Figure 1 below.

Figure 1

An arrow between points, say x, and zg, indicates that we measure the distance
from z, to zg. Note that we only indicate arrows between points z, and x3, when

a < (. An index ¢; attached to an arrow indicates that the distance from x to y is
less than ;.

The sequence (1,,,,,);>1 satisfies the following property:

(3) Vj > 1.d(zy,, ;) > €.

(Cf. the horizontal arrows of Figure 1.)
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Note that in replacing A, 41 by alarger index A1, we have that (1) is still satisfied
where A1 dominates both py and vg; a property which is not necessarily guaranteed
for )\}C +1- This last fact together with the fact that Vj > 1. u;,v; > A; is represented
by the diagonal arrows of Figure 1.

So we obtain the following inequalities: Vj > 1. 41, V541 > py,v5 > Aj. Thus
in particular, by (1), we have that the sequence (x,,,,,);>1 satisfies the following
properties:

(xuj, :EMH) < ¢; and d(xyj, :L‘,,J.H) <€

(4)Vj>1.d
Vi > 1d(z,,,,,) <€ and d(z,,7,,,,) <€

()

(The vertical arrows of Figure 1 represent the inequalities displayed under (4).)

vV IV

We remark that the sequence (z,,);en is a Cauchy sequence. This follows from
the choice of A\;41 above, which is such that it dominates the index A}, obtained via
(1) as well as the indices py, and v.

We show that the sequence is not biCauchy. Note that V j > 1.d(x,,,,, ;) +
Ay @00 ) = ATy, Tyyy,) and thus d(ay,,, @) 2 (@, ©,.,) =A@, 2,

By (3) and (5) we have that d(x,,,,,2,,) > €y — €¢; > €y — €1. So we obtain:

(6) Vj > 1.d(zy,,,,7,,) > €, where € = ¢g — €.

So the sequence (1, )jen is not biCauchy. Thus we obtain a contradiction, which
implies that the space (X, d) is Smyth-completable.

Examples of Smyth-completable quasi-metric spaces are the totally bounded quasi-
metric spaces (e.g. [Siin95]) and the weightable quasi-metric spaces (e.g. [Kiin93]).
We remark that the fact that weightable quasi-metric spaces, or the equivalent partial
metric spaces (e.g. [Mat94]) are Smyth-completable, can be obtained as a corollary
of Theorem 2 (cf. [Sch97]).

Proposition 10 If (X,d) is a quasi-pseudo-metric space then (X, d) is Smyth-comp-
letable if and only if its bicompletion (YB,EB) 15 Smyth-completable.

Proof: Suppose given a quasi-metric space (X, d). If (X, d) is not Smyth-completable
then there exists a Cauchy sequence (z,), in X which is not biCauchy. We recall

(e.g. [DiCT1]) that (X, d) is isometrically embedded in its bicompletion (YB,EB), via
the function 7: X — YB, where Vo € X.i(x) = T and where T is the equivalence class
in X" obtained by choosing as representative the sequence with constant value x. So
we obtain that the sequence (%), is a Cauchy sequence of X" which is not biCauchy.
Hence (YB,EB) is not Smyth-completable.
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To show the converse, by way of contradiction we assume that there is a Smyth-
completable quasi-pseudo-metric space (X, d) for which the bicompletion (YB, EB) is
not Smyth-completable. So there exists a sequence ([(z¥),]x) in X" which is Cauchy
but not right Cauchy.

Hence we have:

(1) Ve > 03nVI > k> n.d ([(z5)a], [(2})a]) < e.

n

(2) Jeo¥n 3l >k > n.d"([(2))n], [(25)a]) = €o.

n

To obtain a contradiction, we construct a sequence (y,), in X which is Cauchy
and not right Cauchy.
By (1), for each K > 1 we obtain an my such that:
1
!
< —=.
) 3K

Then by (2) we obtain indices I and kg for mg such that lx > kx > mg and

(1) VI >k > mg INEYn > NE d(zF «

n»r'n

(2) INKVn > NE. d(alx, k) > %0
We choose Mg > max{N[, N}, where NI is obtained via (1') for I and kg,
and where M is large enough such that

(3") Vni,mg > M. d(alf, 2) < BLK and d(zh<, 2%¢) < 3%

The last two inequalities can be obtained due to the fact that (2'%), and (2*x), are
biCauchy sequences.

Without loss of generality we can assume that VK > 1. Mg < Mg.,. We can also
assume that VK > 1.1 < kg1 since we can choose my 1 such that myg.1 > lk.

We define the sequence (y,), as follows: yor—1 = xﬁfK and yox = a:l]{jK.

By (2') it is clear that the sequence (yy), is not right Cauchy. We show that the
sequence is Cauchy.

That is, we need to show that Ve > 03ngVj > i > ng. d(y;, y;) < €.

We use the following notation: let y; = xﬁ/,l and y; = x?\}j, where p; € {l;, k;} and ¢;
Gy o

It suffices to remark that Vj > i > 1.d(y;,y;) = d(@hy,, 25,) < d(ahy, o) +
d(a:ﬁ}j,x}]&j) < 4 + 3., where the first term of the sum is obtained via (3') and the
second term via (1).

|

Comment: We remark that the Smyth-completability condition is necessary. An
example of a bicomplete space which is not Smyth-completable is given in [Siin95].
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4 The Yoneda completion

We present the straightforward definition of the Yoneda completion of a quasi-metric
space without the category theoretic machinery of [BvBR98], as this suffices for our
purposes.

Our terminology differs from the one used in [BvBR9S8] in that we refer to quasi-
pseudo-metric spaces, while [BvBR9S8] refers to generalized metric spaces. We remark
that these notions are equivalent, provided that infinite distances are allowed for the
case of quasi-pseudo-metrics. Since there are currently alternative generalizations of
metric spaces used in theoretical computer science, aside from quasi-pseudo-metric
spaces (e.g. [Smy95]), we opt for the standard topological terminology of e.g. [FL82]
where we allow for infinite distances (cf. Section 1).

We will state the definition of the Yoneda completion of a quasi-metric space;
that is we require the Tj-separation axiom to hold. Tj-separation is of course a
justifiable condition in Computer Science and thus a sound condition in the context
of [BvBRI8]. Also, the fact that the Yoneda completion of a non-Tj space is Ty, is
another motivation to consider the class of quasi-metric spaces.

We remark that a central result of this section, Theorem 26, does not depend on
this hypothesis; that is our characterization of the largest class on which the Yoneda
completion is idempotent remains valid for general quasi-pseudo-metric spaces. The
proof can be adapted by straightforward technical modifications.

Definition 11 If (X, d) is a quasi-metric space, then an element x is the limit of the
sequence (T,), < Yy € X.d(z,y) = infrsupgsnd(Tg, y).

The following definition of the Yoneda completion in a non-categorical form has
been introduced first by M. Smyth in [Smy91]. Since this completion is stated in
terms of sequences and since we will provide a more general version of the completion
in terms of nets (cf. Subsection 4.1), we will refer to the completion defined below as
the “sequential Yoneda completion”.

Definition 12 A quasi-metric space is sequentially Yoneda complete if every Cauchy
sequence has a limit.

The sequential Yoneda completion of a quasi-metric space (X, d) is the pair (YY, EY)
obtained as follows:

XY = {(@n)n] (n)n is Cauchy}
A’ ((Zn)ns (Yn)n) = 10 frSUPK>nSUPmIN firomd(Tr, i)

X =X/,
4 ([(@n)a], [()a]) = @ (@0)n (Ya)n)-

As remarked in [BvBROS|, limits in the context of quasi-pseudo-metric spaces have
distance 0 in general and thus are unique for quasi-metric spaces.
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We remark that the sequential Yoneda completion of a quasi-metric space, as
discussed in [BvBR98], is in fact a left version of a construction which already has been
discussed by Stoltenberg in 1967 (e.g. [Sto67], [Sto67a] and [FG84]). Stoltenberg’s
completion uses a similar construction based on right Cauchy sequences and is one of
the first non-symmetric completions discussed in the literature.

No direct comparison is however possible between the two types of completion, as
Stoltenberg aimed to obtain an idempotent completion and the right Cauchy version
of the sequential Yoneda completion is as such only part of the original construction
for the Stoltenberg completion.

We illustrate below that the sequential Yoneda completion is not idempotent in
general (as remarked in [BvBR98]). The reader familiar with the ideal completion
may wish to omit this discussion.

We remark that it is easy to verify that when (X, d) encodes a partial order, this

is also the case for (X ,d ).
We define the sequential Yoneda completion of a partial order (X, <) to be the

partial order (YY, <.v), which we denote in what follows by: (YY, ZY).

In that case we have:

X = {(xp)n| IngYm > n > ng.x,, < xm}/%y
<

The last equivalence follows since: (2,)n< (Ym)m < de((Zn)ns Ym)m) = 0 <
limplim,,d< (2, ym) = 0 < InVk > n¥m 3 > m. d<(zx, y,) = 0.

Given the partial order (N, <), then N consists of the eventually increasing se-
quences of natural numbers. One can also easily verify that (NY, iy) ={0,...,m,...,

oy
w} and (NY EYY) = {0,...,@,...,@,w + 1}. Here, for every natural number n,
7 is the equivalence class of all eventually increasing sequences which are eventually
constant with value n and @ is the class of all eventually increasing sequences which
are not eventually constant. Similarly, for every natural number n, 7 is the equiva-
lence class of all eventually increasing sequences which are eventually constant with
value 7, w is the class of all eventually increasing sequences which are not eventu-
ally constant and w + 1 is the class of all eventually increasing sequences which are
eventually constant with value w.

—Y —v

So (N Y < ) is not order isomorphic to (N Y,iy) and thus the quasi-metric
spaces which encode these partial orders are not isometric.

In the following subsection we introduce a net-version of the sequential Yoneda
completion. This completion will simply be referred to as the “Yoneda completion”.
We will show that the Yoneda completion of a quasi-metric space and the Smyth com-
pletion of a quasi-metric space, where the additional topology on the last completion
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is omitted, coincide (cf. [FS96], Theorem 29, for a related result). The completeness
of the Yoneda completion is derived from this equivalence result.

4.1 The Yoneda completion in terms of nets

In defining the Yoneda completion in terms of nets, we will frequently refer to the
following collection of all Cauchy nets: X* = {(z,)er| () er is a Cauchy net}.

The reader familiar with set theory will note that this is a proper class, that is a
class which is not a set. This is of course not a major problem, since “functions” still
can be defined in this context. In particular the function considered in the lemma
below.

Once we define the Yoneda completion (cf. Definition 15), we will only consider
a quotient of this class, which will be a set as shown in a remark made at the end of
this section.

In order to show that the usual quasi-metric on sequences can be extended to a
quasi-metric on nets, we need the following lemma.

Lemma 13 If(X,d) is a quasi-metric space and X’ = {(z.)er| (¥,)er is a Cauchy

net} then g((lﬂy)’yer, (Ys)sen) = infysupss~supsinfyps>sd(To, yy) is a quasi-pseudo-
metric on X" .

Proof: We show that d’ is a quasi-pseudo-metric. The idea is essentially due to
Stoltenberg [Sto67]. We sketch the argument.

Let (x4)yer be a Cauchy net of (X,d) and let € > 0. By the Cauchy property
of (x,), there is 7y € I' such that for all v,72 € T' with 7y < 71 < 72 we have
d(z,,,2,,) < €. Thus limeinf,,>cd(x,,,2,,) < € whenever v; € I' and vy < 7.
Therefore d’((x)+, (z.),) < € and thus d’((x,),, (z,),) = 0.

Suppose that (2.) er, (Ys)sea and (2,),ex are three Cauchy nets in (X, d) and let
a=d (), (ys)s) and b = d’((ys)s, (2)o). The triangle inequality for the situation
under consideration holds if a or b are infinite. So we suppose that both are finite.

Let € > 0. Then d’((z,),, (ys)s) < a + & implies that there is a 7o € I such that
lim¢infs>¢ d(x+,y5) < a+ § whenever v € I' with v > 7. Thus for each v € I" with
Y > 7 there is a cofinal subset A(y) of A such that d(z,,ys) < a + § whenever
J e Ay).

Similarly, there is 6y € A such that for each § € A satisfying § > §, there is a
cofinal subset X(d) of X with d(ys, z,) < b+ § whenever 0 € ¥(). Thus for each
v € I' such that y > v, there is 6§, € A(7) such that §, > 6. Then d(z,,ys,) < a+ 3
and d(ys.,, 2,) < b+ 5 whenever o € X(d,).

Consequently for each v € I" such that v > ~, there is a cofinal subset X(d,) of
¥, which we denote by (), such that d(z,, z,) < a + b+ € whenever o € X(y). We
deduce that lim¢infy>¢ d(z, 2,) < a+ b+ € whenever v € I" such that v > 7. Thus
d’((24)+, (20)s) < a+ b+ e. We conclude that d” satisfies the triangle inequality.
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Definition 14 If (X, d) is a quasi-metric space, then an element x is the limit of the
net () er & Yy € X.d(x,y) = inf,sups>~ d(xs,y).

The following definition introduces the Yoneda completion of a quasi-metric space.

Definition 15 A quasi-metric space is Yoneda complete if every Cauchy net has a
limat.

The Yoneda completion of a quasi-metric space (X,d) is the pair (YY,EY) ob-
tained as follows:

_Yyy = {(24)er| (x4)yer is a Cauchy net}
A" (4 )rer (Ys)sea) = infysups>qsupsin fy>sd(To, yy)

YY - yy/%gy
4" ([()rer): [(W8)5eal) = @ ((22)rer, (Y5)5ea).

We leave it to the reader to verify that the above completion reduces to the ideal
completion for the case of quasi-metric spaces which encode a partial order.

An indirect proof can also be given, using our Proposition 19 and the fact that
the Smyth completion of a quasi-metric space which encodes a partial order reduces
to the ideal completion ([FS96]).

Lemma 16 v(xv)vel“a (Ys)sen € Yy-ay((IV)WGD (Ys)sen) = Mvméd@% Ys).

We omit the straightforward verification.

We recall some useful notions from [BvBR98|. We also introduce the notion of
algebraicity familiar from e.g. [Smy91]. A non-equivalent version of algebraicity is
presented in [BvBR9S8]. It is easy to verify that this last version, for the case of a
quasi-metric encoding a partial order, reduces to our notion of sequential adequacy
(cf. Definition 31 below). The fact that the two notions of algebraicity are not
equivalent is illustrated by the comment preceding Lemma 33 below.

Definition 17 An element e of a quasi-metric space (X, d) is finite if for each Cauchy
net (x,) in X such that (z-), has a limit, we have:

d(e, limyxy) = sup,in fs>-d(e, x5).

A basis for a quasi-metric space (X,d) is a set B of finite elements, such that
each element of X s the limit, with respect to the Yoneda completion, of a sequence
of elements from B.
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A quasi-metric space (X, d) is algebraic if each element from the space is a limit
of a Cauchy net of finite elements.

A quasi-metric space (X,d) is w-algebraic if the space is algebraic and has (at
most) countably many finite elements.

The following lemma allows one to replace the equality in the definition of a finite
element by an inequality and generalizes Proposition 3.4 of [BvBR9S|.

Lemma 18 If (z,), is a Cauchy net in a quasi-metric space (X, d) such that (z.),
has a limit then:

Yy € X.d(y, limyxz,) < supyinfs>,d(y, zs).

Proof: The proof is a straightforward adaptation of the proof of Proposition 3.4 of
[BvBROS].

We present a sketch. If (z,), is a Cauchy net in a quasi-metric space (X, d) then:
Vy € X.d(y, limyx.,) — supyinfs>,d(y, xs) = infysupss,(d(y, limyz,) — d(y, xz5)) <
infysups>-d(zs, limyx.,) = d(limx., lim,x,), where the last equality follows from the
definition of a limit. So we obtain that Vy € X. d(y, lim,x.,) — supin fs>~,d(y, zs) < 0.

|

We compare the Yoneda completion with the Smyth completion in the following.

We will show that the results of completing a quasi-metric space by either type
of completion, considered as quasi-uniform spaces, coincide. The reader may wish to
compare this with a related result obtained in [FFS96] (Theorem 29 of [FS96]).

As in Section 3 (Definition 5), we let X denote the set of round S-Cauchy filters
of the topological quasi-uniform space (X,Uy, 7 (d)).

We also use the following notation: if (z,),er is a net then F(z,) denotes the
filter generated by the base consisting of the collection of sets {U(x, : 7> 9)|U €
U and 6 € I'}. In case (2,)qer is a Cauchy net, the filter F(x,) is a round S-Cauchy
filter (cf. [Siin95]).

We shall identify in Proposition 19 each Cauchy net with its associated round S-
Cauchy filter. Theorem 3 of [Siin95] ensures that each round S-Cauchy filter is of the
form F(zs) for some Cauchy net (x5)sea. Our proof of Proposition 19 shows, among
other things, that two Cauchy nets belong to the same equivalence class if and only
if they are associated with the same round S-Cauchy filter: Ey((x(;)(;@, (Yr)ren) =
&’ ((ya)ren, (s)sea) = 0 if and only if (F(xs), F(yr)) belongs to each U, N (U.)~".

Proposition 19 The quasi-uniformity induced by d" and the quasi-uniformity of the
Smyth completion are equal on the collection of all round S-Cauchy filters.
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Proof: Let € > 0 and let (z.,)yer and (ys)sea be two Cauchy nets in (X, d). First we
show that if (F(z,), F(ys)) € U, then for any & > 0, we have d’((), (5)s) < €+3k.
Indeed, there is 7y € I' such that for all 4 € I' with 1 > 7o we have {z,|y > p} C
U.(x,), because (z,), is Cauchy. Fix such a p € T'. Since U,({z,|y > n}) € F(z,),
by definition of U, we have U, ({z,|y > u}) € F(ys). Thus there is o € A such that
{yylv > 0} CUcpu({z4]y > 11}) C Ueson(,,). Therefore sup, infs>, d(x,, ys) < €+2k.
It follows that d’((z )., (vs)s) < € + 3k.

Suppose now that d’((z, ) er, (¥5)sea) < €. We shall show that for each x > 0,
(F(z4), F(ys)) € Ueyan. Let A € F(x,). Then there are € > 0 and v € T such that
Ues({z4|y > v}) C A by definition of F(x,). There is 79 € I' such that o > v and
U.(z,,) contains y; where § runs through a cofinal subset of A, since d” (), (y5)5) <
e. Then there is 6y € A such that ys, € Uc(z,,) and d(ys,,ys) < £ whenever o € A
such that o > 0y, because (ys)s is Cauchy. Therefore Uy ({y, |0 > do}) C Ueyon(4,) C
Uctaix(A) and thus Ueig,(A) € F(ys) by definition of F(ys). Hence (F(z,), F(ys)) €

Ue—i—?/@ .

The result proved above allows us to interpret the Yoneda completion of a quasi-
pseudo-metric space as its Smyth completion by equipping it with its appropriate
topology 7 having the base {O| O € T(d)} where F(z;) € O if and only if O € F(zs)
(see [Siin93]).

A word of caution is necessary in order to avoid a possible misinterpretation of
the above result. Proposition 19 does not imply that the Smyth completion and the
Yoneda completion are equivalent in general nor does it imply a conflict between the
different behaviors of the completions regarding idempotency!

We remark that Proposition 19 is stated for quasi-metric spaces (X, d). Hence, for
the case of the Smyth completion, the quasi-uniform space (X,Uq, 7 (U,)) associated
with (X, d) will be viewed as a topological quasi-uniform space.

For this type of spaces, the two completions indeed give rise to identical quasi-
uniform spaces, where for the case of the Smyth completion we obtain the quasi-
uniform space from the completion by removing its second topology.

However, at a second iteration of the completions, the resulting spaces will be
different in general. This follows from the fact that after performing the Smyth com-
pletion once on a given topological space of the kind described above, the resulting
space will in general be a topological quasi-uniform space which is not a quasi-uniform
space since the two topologies may differ (cf. [Siin93]). Hence the above result does
not apply when carrying out the second iteration of the completions!

Remark: As mentioned above, the quotient of the proper class X° results in the set
X", We recall that Proposition 19 implies that the Yoneda completion and the Smyth
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completion of a quasi-metric space coincide. Combined with the fact that there is a
one to one correspondence between the equivalence classes of the net-version of the
Smyth completion and the round S-Cauchy filters on the space (cf. the comment

preceding Proposition 19), we obtain that X" is a set. Of course, the fact that the
round S-Cauchy filters on the space form a set is an immediate consequence of the
fact that each such filter is a subset of the powerset of this space.

Proposition 20 If (X,d) is a quasi-metric space and (YY,EY) is its Yoneda comple-
tion, then for any Cauchy net (x,) er we have that the limit of this net on the Smyth
completion (X,Z/?d,T(Z/{d)) is also the limit of this net for the Yoneda completion.

Proof: Let (X,d) be a quasi-metric space for which the Smyth completion of the
topological quasi-uniform space (X,Uy, 7 (Ug)) is the topological quasi-uniform space
(X, Uq, T).

By M(z) we shall denote the round S-Cauchy filter on (X, d) representing the
point 7 € X .

Let (z5)sea be a Cauchy net in (YY, ay). Then (z5)sea is a computational Cauchy
net on (YY,EY, T). Therefore the derived filter F(zs) = {A C X" : there are U €
U(&Y) and 6y € A such that {z5: 0 € A and § > dy} <y A} is a round S-Cauchy
filter (Proposition 4, [Stin97]). Since (YY,EY, T) is Smyth complete, F(xs) is a 7-
neighborhood filter M/ (z) for some unique point = € YY([Sijn%]).

We want to show that EY(Q:, y) = inf, supss., Ey(xg, y) whenever y € X" in order
to see that (YY,EY) is complete. Fix y € X"

We shall give an indirect proof of the fact that inf, sups-, Ey(a:(;, y) > EY(:E, Y).

By way of contradiction, we assume that inf, supss, dY(ZL‘g, y) < Ey(x,y). Then
there are p, e > 0 such that inf, sups., EY(L;, y) < pand p+ 3e < Ey(x, Y).

Furthermore there is v € A such that Ey(xg,y) < p whenever § € A and § > ;
and thus for each 6 € A with § > ~, (M(xs), M(y)) € U,.. by the second part of
the proof of Proposition 19, where we choose x = §. Suppose that O,0" € T(d)
and O <y,. O" and O € M(z). Then z = M(x) € O. Thus there is § > 7
such that x5, = M(zs,) € O and therefore O € M(xs,), since (zs)sea converges
to x with respect to the topology T because of N'(z) = F (z5). Then by definition
of Uyte, we see that O' € M(y). Therefore by definition of U, we conclude that
(M(z), M(y)) € Uy,

Consequently by the first part of the proof of Proposition 19, where we choose

Y Y L
k=g, d (z,y) <p+2<d (x,y) —a contradiction.

We conclude that inf, sup;., Ey(ac(;, y) > Ey(x, ).

We proceed to show that

infsupd (z5,y) =d (z,9).
75>y
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By way of contradiction, we assume that inf, sups-., Ey(xg,y) > Ey(x,y). Then
there is € > 0 such that inf, sups.. ay(:tg,y) > 3e + Ey(a:,y). For each § € A
choose ¢'(§) € A such that §'() > § and EY(x(;/((g),y) > 2€ + Ey(x,y). Because
(25)sen is a Cauchy net and F(zs) = N(z) we see by Lemma 5 ([Siin97]) that
(x5)sen converges to x with respect to the topology 7 ((EY)_l). In particular there is
do € A such that 3Y(x51(50),x) < €. It follows that Ey(x,y) +2¢ < EY(:U(;/((;O),y) <

8Y(ZL‘5/(50), x) —|—8Y($, y) < e—l—ay(x, y) —a contradiction. We conclude that Ey(x, y) =

inf, sup;-., d" (zs,y) whenever y € X .

Corollary 21 The Yoneda completion (YY,EY) of a quasi-metric space (X,d) is
(Yoneda) complete.

Proof: This follows from Propositions 19 and 20.

Proposition 22 There is an isometric embedding i: (X, d) — (YY,EY) defined by:
Vo € X.i(x) = [(z),], where (z), is a net with constant value x. The set i(X) is
dense in X and consists of finite elements.

Proof: We recall that by Proposition 19, (YY,Z/{Ey) and (X,U) coincide. So by
Proposition 11 of [Stin93] and Theorem 3 of [Siin95], we obtain that i: (X,U;) —

(Yy, Uyv) is a quasi-uniform embedding. It is easy to verify that Vz,y € X. Ey(i(x), i(y)) =
d(x,y) and hence 7 is an isometric embedding.

Again by Proposition 11 of [Siin93], we obtain that i(X) is dense in X with respect
to 7 (U) and thus by Proposition 20, i(X) is dense in X"

We show that the embedding i(X) of the original space in its Yoneda completion
(YY, EY), consists of finite elements of the completion. We will overline elements of

X" in order to distinguish them from elements of X.
For any x € X we need to verify that a net [(z),], with constant value z, is finite.
To verify that [(x),] is finite, we need to show that for each Cauchy net (7,), in

X" the following equality holds:

@ ([(2)s), lim,g,) = supyinfuzyd ([(2)5),

Y,)-
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By Lemma 18 we know that EY([(.%)V], lim,y,) < supuinf,,zlﬂy([(x)y],yy).
By way of contradiction we assume that

d" ([(0)y), lim,g,) < supyinfozpd ([(0),),7,).

Hence there exists ¢y > 0 such that EY([(ZL‘)W], lim,y,)+€ < supumfyzlﬂy([(x)y] Ty)-
We use the following notation for the limit and for representatives of the equiva-
lence classes under consideration: let lim,7, =7, ¥ = [(Ya)a) and 7, = [(¥4),]-
—y o Y . .
Then we have: d ([(z),],lim,7,) = d ([(x),],7) = inf,sups>,supainfp>ad(z,ys)
= supainfg>ad(z, ys)-
. ~y _ . . .
And: supyinf,>,d ([(2),],7,) = supuinfu>,in fosupss~sup,in frsed(z, y2) =
Sup,uinfuz,usupainfrZJd(xv yflr/)
S0 supain fa=ad(z,yg) + €0 < sup inf,>,sup,infr>.d(x, y2).
Thus Jpe Vv > po. €0 < supyinfrs.d(z, y2) — supainfosad(z,ys) =
. ) , . . N A
'LnfaSUPBZQSUpU'LnfTZU(d(xa yq—)_d<x> yﬁ)) S anQSUPBZOcsupalnfTZUd(yﬂ7 yr) =d (yv yu)'
So we conclude that:

(1) oV > po-eo < d (7.,).

We reach a contradiction by showing that:

(IT) Ve > 0Vv 3, > v. EY@,QW) <.

Let € > 0 and an index v be given. Then, since (7,), is a Cauchy net, we obtain

for € = 5 an index vy such that Vs > py > VQ.EY@M@W) < €. We choose 11 to be
an index such that 14 > v, vs.

Since lim,y, = 7, we obtain in particular that d ©,7,,) = infusup,,zlﬂy ¥,,7,,) <
. =Y, _ ’
anu21/1 SupVZMd (yy7 yﬂl) <e.
Hence we obtain indeed that VeVy Jv; > v.d" (7,7,,) <€ <e
To obtain the contradiction, we consider f obtained via (I) and then obtain
V1 > po for e = @ via (I1). This yields the contradiction: ¢y < Ey(y,g,jl) < 2.
O

Corollary 23 The Yoneda completion of a quasi-metric space is algebraic.

Proof: Let (X,d) be a quasi-metric space. We remark that for each Cauchy net
(z5)sen in X, the embedded net (i(zs))sea in the Smyth completion converges to
“itself”, i.e. to the point of the Smyth-completion with as representative the net
(5)sen (cf. [Siin93]). Hence, by Propositions 19 and 20, we obtain that the net also
converges to itself, with respect to the Yoneda-completion.

The desired result now follows from the second part of Proposition 22.
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4.2 Largest idempotent class

We recall the classical definition of idempotency (adapted to the specific case of the
Yoneda completion).

Definition 24 The Yoneda completion of a quasi-metric space (X,d) is idempotent
_ —Y — _
& 3 an isometry it X' — X' such that VT € X . i(T) =T.

Definition 25 The Yoneda completion is idempotent on a class of quasi-metric spaces
S < 1) S is closed under the Yoneda completion.
2) Every space in S has an idempotent Yoneda completion.

We focus on the following problem:
“Characterize the largest class (if any) of quasi-metric spaces on which the Yoneda
completion is idempotent.”

The following theorem provides the answer (cf. also [FS96] for a similar result).

Theorem 26 The class of the Smyth-completable quasi-metric spaces is the largest
class of spaces on which the Yoneda completion is idempotent. The Yoneda completion
and the Smyth completion reduce on this class to the bicompletion.

Proof: Let S denote the class of all Smyth-completable quasi-metric spaces.

We first verify that the Yoneda completion coincides with the bicompletion on S.

Let (X,d) be a Smyth-completable quasi-metric space and let (X,U;) be the
Smyth-completable quasi-uniform space associated with this quasi-metric space.

This quasi-uniform space can be interpreted as a topological quasi-uniform space
in the usual way ([Stin93]); that is as the space: (X, Uy, T (Uy)).

By Proposition 19 and the fact that the Smyth completion of a Smyth-completable
quasi-uniform space reduces to the bicompletion ([Siin93]), we obtain that the quasi-
uniform space associated with the Yoneda completion of (X, d) reduces to the bi-
completion of (X,Uy;). Since the bicompletion is sequentially adequate ([DiCT71]), we
can conclude that the Yoneda completion of a Smyth-completable quasi-metric space
reduces to the sequential bicompletion of this quasi-metric space.

Since the bicompletion of a Smyth-completable space is Smyth-completable (Propo-
sition 10), we obtain that S is closed under the Yoneda completion.

—Y Y
Moreover, since (YY, EY) € S, we have that (YYY, d ) is the bicompletion

—y — —Y Y v —
of (XY,dY) and thus (XY ,dY ) = (XY,dY). Hence the Yoneda completion is
idempotent on the class S.
It remains to be shown that S is the largest class with this property.
Assume by way of contradiction that there exists a quasi-metric space (X,d)
v _ —VY Y
which is not Smyth-completable, such that : (X Y,dY) =~ (X Y ,dY ), where VT €

X .i(z) =7
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By Theorem 9 there exists a Cauchy sequence (z,), of (X,d) which is not bi-
Cauchy:

(1) Ve > 03angVn > m > ng. d(xy,, x,) < €
(2) deo > 0VnIng > my > n.d(x,,, Tm,) > €o.

First we note that

4 (@), [(@a)a]) = Timplimg,d ([(20)n], Tm)
= limy,d ([(0)n) Tm)
= li_mm%n/li_mm/d(xn/,xm)

= M_mmwn’d(l'n’vxm) Z €o-

The first equality uses Lemma 16 and the fact that [(z,),] is the sequence with
constant value [(z,),]. The second equality again uses this last fact, while the third
equality once more uses Lemma 16 and also the fact that ,, is the sequence with
constant value z,,. Finally, the fourth equality follows from (2) above.

Y

Thus we obtain that d  ([(@n)n], [(Tn)n]) # 0.

We verify that [(2,),] is a limit of the sequence (), in X .

We need to verify that V[(yu)n] € X .d ([(22)nl, [(yn)n]) = limnd (T, [(Yn)n)).

We remark that d' ([(24)a], [(Yn)n]) = limnlin,,d(n, ym), while limad' (T, [(Yn)n
1) = limylimpylim,, d(z,, Y ) = limplim,, d(z,, ) and thus
d [(zn)nl; [(Yn)n]) = limndy(ﬂ, [(Yn)n])-

oY Y = , -

Since ©: (X ,d ) = (X ,d ), where i(T) = T, we immediately obtain that
[(21)n) is a limit of the sequence (Ty,),.

A similar calculation as above shows that [(Z,),] is also a limit of the sequence

(Zn)n-

Since we have uniqueness of limits, we obtain that [(Z,).] = [(«,),] which is a

contradiction since a_YY([(mn)n], [(Tn)n]) # 0.

Remark: The proof also works in the absence of Tj-separation, that is for quasi-
pseudo-metric spaces, since in this case limits still have distance 0, which suffices to
obtain the contradiction.

5 Sequential inadequacy

We show that the ideal completion is not sequentially adequate and discuss some
implications for the Yoneda completion.
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We recall the following well-known result for which the verification is straightfor-
ward.

Lemma 27 For a countable partial order, the chain completion and the ideal com-
pletion coincide.

We will show in the following that the ideal completion of a partial order, in
general is not replaceable by a sequential completion; in other words, sequences are
not adequate for the ideal completion. Hence the ideal completion is in general not
replaceable by the chain completion. We will return to this remark at the end of
the section where we discuss implications for sequential completions presented in the
literature ([Smy89] and [BvBR9S]).

We recall the definition of an (w-)algebraic partially ordered set (e.g. [Mis91] and
[Smy91]).

Definition 28 An element e of a partially ordered set (P,C) is finite if for each
directed subset D of P for which UD exists, e < LD implies that e < d for some
d € D. The set of finite elements of P is denoted by F(P) and for each x € P,
F(z)={e€ F(P)|eC x}.

An algebraic partially ordered set is a partially ordered set (P,C) satisfying the
property that for each x € P, F(x) is directed and that x = UF(x).

An w-algebraic partially ordered set (P,C) is an algebraic partially ordered set
such that F(P) is at most countable.

Comment: It is easy to verify that for the case of a quasi-metric space (X,d)
encoding a partial order, the ideal completion (Yy,ay) is such that for any ideal
T€ X', F(z) is always directed.

Hence in this context the above notion of algebraicity and the notion of algebraic-
ity of a quasi-metric space (cf. Definition 17) coincide.

We recall some of the basic theory of ordinals (e.g. [HJ84]). A set A is transitive
iftvVe,y e Av e ye A= x € A. A set Aisis well ordered by the membership
relation if (A, €) is a total order and every nonempty subset of A has a least element.
A set « is an ordinal if « is transitive and well ordered by the membership relation.
The successor of an ordinal « is the ordinal a + 1 defined by o« +1 = a U {a}. An
ordinal « is called a successor ordinal if = (34 1 for some ordinal 5. Otherwise « is
called a ltmit ordinal. Limit ordinals can be characterized as the ordinals a such that
Ua = a. An ordinal « is a cardinal when there does not exist a bijection between «
and one of its elements.

We denote the first uncountable ordinal by w;. The empty set () is an ordinal
denoted by 0.

We recall that the partial ordering on an ordinal « is the subset-order C and
that each ordinal consists of the ordinals which strictly precede it in the subset-order,
where we have that  C & a € .
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Since every ordinal « is a total order, it is clear that every subset A of « is directed.
Also, every subset A of o possesses a supremum which is UA.

Lemma 29 Fvery ordinal is algebraic and the finite elements of a non-zero ordinal
a are given by the set {y+ 1|y +1 € a} U{0}.

Proof: The fact that 0 is algebraic follows by a straightforward verification.

For a given non-zero ordinal «, we verify first that the set {y+ 1|7+ 1 € a}U{0}
consists of finite elements.

The fact that 0 is finite is trivial since each ordinal contains the ordinal 0 as a
subset.

Let B € a be a successor ordinal, where say 5 = v 4+ 1. We show that [ is finite.
Assume that D is a (directed) subset of o and that § = v+ 1 C UD, where say
UD = v. We obtain that v C UD, i.e. v € UD, and thus y € u for some p € D.

We distinguish two cases, depending on whether v is a successor or a limit.

For the first case, we assume that v is a successor ordinal, say p + 1. Then one
can easily verify that v € D. Indeed, otherwise if v € D, we obtain that Va € D.«a €
v = p+ 1 and thus Va € D.a C p which implies that UD C p. Hence we have the
contradiction that p+1 C p. Hence v € D.

We recall that v € p C v = p+ 1. In particular we have that v € v and thus
v C p. Hence =~ +1C p+ 1= v, which implies that 3 C v, where v € D. Hence
v+ 1 is finite.

For the second case, we assume that v is a limit ordinal. We recall that § =
v+ 1 CUD = v. Since v is by assumption a limit ordinal, we obtain that v+ 1 # v
and thus v+ 1 € v =UD. Hence v+ 1 € u for some p € D and thus v + 1 is finite.

To show the converse, we need to verify that every finite element of « is a successor
ordinal or 0. Since we have remarked that 0 is a finite element, it suffices to show that
every finite element e of o which is not 0, is a successor ordinal. We assume by way
of contradiction that e is a finite element which is a non-zero limit ordinal. In that
case we obtain that e = Ue. It is straightforward to verify that this fact, combined
with the fact that e # 0, implies that e is not finite.

Finally, we need to show that every ordinal « is algebraic. For this we need to show
that each element (3 of av is the supremum of a subset of the set {y+1]|v+1 € a}U{0}.
Let 3 be an element of a.. In case (3 is a successor ordinal, the result follows trivially.
So we can assume that (3 is a limit ordinal. In that case we have that g = US. Clearly
if 3 =0 then g = U0 and thus we can assume that 5 # 0.

Since every limit ordinal g € 3 is such that © + 1 € (3, we obtain that § =
U{v+1|v € B}. In other words, each limit ordinal 3 is the supremum of the successor
ordinals below (8 and thus 3 is the supremum of the set of finite elements below (.

Hence we have shown that each ordinal is algebraic.
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Lemma 30 w; is the first ordinal which is not w-algebraic.

Proof: To verify that any ordinal « strictly smaller than w, is w-algebraic, it suffices,
by Lemma 29, to verify that the set of the finite elements F'(«) is countable. This
last fact however follows since any ordinal « strictly below w; is countable.

Next, we verify that the ordinal w; is not w-algebraic. Readers skilled in set
theory will notice this follows immediately from the fact that w; is a regular cardinal
(cf. [HJ84], Chapter 10, Theorem 2.3). For the sake of completeness we provide an
alternative argument. By Lemma 29, the set of finite elements F'(w;) is the set of the
successor ordinals of w; supplemented by the element 0. Since w; is a limit ordinal,
we obtain for each of its elements o which is a limit ordinal, that o+ 1 belongs to w;.
Hence the set of limit ordinals of wy has a cardinality below the cardinality of the set
of successor ordinals of wy. So if w; would have countably many finite elements then
wy would be countable. Hence w; is not w-algebraic.

Definition 31 An algebraic partial order is sequentially adequate if every element
of this partial order is the supremum of an eventually increasing sequence of finite
elements.

Lemma 32 FEvery w-algebraic partial order is sequentially adequate.

Proof: We present a sketch. The argument is similar to the one of [DP90], exercise
3.5 of Chapter 3.

Given an w-algebraic partial order (P, C). Let x be any element of P and let D be
a directed subset of finite elements of P such that x = UD. Since F'(P) is countable,
we obtain that D is countable, say D = {x¢,x1,...,2p,...}. For each finite subset F’
of D, let up be an upper bound of F'.

Inductively define subsets D; of D as follows:

Dy = {zo} and Ditqy = D; U {¥it1, Up,u{ys1} )

where ;11 is the element x,, in D — D; with subscript n chosen as small as
possible. One can verify that the sequence (u;);, defined by Vi > 0. u; = up,ugy,,.}, 18
an increasing sequence in D with supremum UD.

Comment: The above result implies that the notions of completion of a partially
ordered set with respect to sequential convergence and with respect to convergence
of countable directed sets, coincide. On the other hand, it follows immediately from
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Markowsky’s generalization ([Mar76]) of Iwamura’s lemma ([Iwa44]), that the notions
of completeness with respect to these two kinds of convergence also coincide.

The following lemma implies that the converse of Lemma 32 does not hold, since
we obtain that the ordinal w; is a sequentially adequate algebraic partial order which
is not w-algebraic.

Lemma 33 w; + 1 is the first ordinal which is not sequentially adequate.

Proof: To show that w; 41 is not sequentially adequate, we argue by contradiction.

If wy + 1 were sequentially adequate, then in particular its maximum w; would be
the supremum of a sequence of finite elements from w; + 1. Without loss of generality
we can assume that this sequence does not contain the ordinal 0. Hence, by Lemma
29, the sequence consists of successor ordinals. Since w; is a limit ordinal, it does not
belong to this sequence and hence all elements from the sequence are strictly below
wy. Since wq is the first uncountable ordinal, each of these finite elements is countable.
However, since the union of countably many countable sets is countable, we obtain
the contradiction that w; is countable. Hence w; 4 1 is not w-algebraic.

The verification that every ordinal strictly below w; + 1 is sequentially adequate
proceeds in two steps.

First we remark that, by Lemma 30, any ordinal strictly below w; is w-algebraic
and hence sequentially adequate.

Next we verify that w; is sequentially adequate. Consider any element 8 € wy.
We remark that ( is countable. If 3 is a successor ordinal, it follows that 3 is a finite
element and hence trivially is the limit of a countable sequence of finite elements. In
case [ is a limit ordinal, we obtain, via an argument similar to the end of the proof of
Lemma 29, that 3 is the limit of the successor ordinals below 3. Since (3 is countable,
this implies that 3 is the limit of a countable sequence of finite elements.

We state a lemma characterizing the ideal completion of an ordinal.
Lemma 34 The ideal completion of an ordinal o is its successor ordinal o + 1.
Proof: The ideals of an ordinal « are its downwardly closed directed subsets. It is

easy to verify that these are precisely the ordinals less than or equal to «. Hence it
is easy to see that the ideal completion of « is o + 1.

Corollary 35 The ideal completion is not sequentially adequate.
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Proof: We present a sketch. Consider the ordinal w; which has w; + 1 as its ideal
completion. We remark that w; + 1 is not sequentially adequate by Lemma 33. From
the proof of Lemma 33, we know that there is no sequence of finite elements which
converges to wy; that is there is no sequence of successor ordinals which converges to
wi. Hence, by an argument similar to the one at the end of the proof of Lemma 29,
there is no sequence of ordinals strictly below w; and converging to ws.

So we have shown that there is no sequential completion which can replace the
general ideal completion.

We have remarked in Subsection 4.1 that the Yoneda completion reduces to the
ideal completion for the case of partial orders. Hence, by Corollary 35, we obtain
that in general the Yoneda completion is not sequentially adequate. In particular
we obtain that the sequential Yoneda completion of [BvBR9S] is not sequentially
adequate for the Yoneda completion.

Similarly, we obtain that the Smyth completion is not sequentially adequate.

We discuss in the following some implications of sequential inadequacy for the
case of the Yoneda completion.

We recall that Theorem 5.4 of [BvBR9S§] states that the sequential Yoneda com-
pletion of a quasi-metric space always is an algebraic complete quasi-metric space. We
recall that the use of the term algebraic in [BvBR98] is different from our own (cf. the
remark preceding Definition 17). However, in the context of quasi-metrics encoding
an algebraic partial order, the terminology “algebraic” of [BvBR98] is equivalent to
our notion of sequential adequacy.

Hence, according to [BvBR98], the sequential Yoneda completion of a quasi-metric
space which encodes a partial order, is always sequentially adequate, since the sequen-
tial Yoneda completion is a quasi-metric space encoding an algebraic partial order.
This is true in the context of [BVBRIS] as only sequential completions are considered.

However, if we consider the Yoneda completion defined in Subsection 4.1, it is clear
this result can no longer hold. This follows from the fact that the Yoneda completion
is not sequentially adequate as remarked above. However, one can show that the
Yoneda completion of a quasi-metric space is algebraic (Corollary 23).

A related problem arises for the open problem on the idempotency as stated in
[BvBRIS8|. We show that the idempotency characterization obtained in Theorem 26
cannot be valid in general in the context of the sequential Yoneda completion.

Clearly, the completion presented in [BvBROS| is idempotent on the quasi-metric
space which encodes wq, since increasing sequences of elements from w; necessarily
have a supremum which again belongs to w;. However the quasi-metric space encod-
ing w; is not Smyth-completable, since it allows for strictly increasing sequences and
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thus for Cauchy sequences which are not biCauchy.

The problems clearly arise from the fact that the sequential Yoneda completion
cannot capture the general ideal completion, for the case of quasi-metric spaces en-
coding a partial order.

We conclude the section by discussing two examples for which the sequential
adequacy of the Yoneda completion can be guaranteed and thus for which the above
problems do not arise.

A first example is the class consisting of those quasi-metric spaces encoding a
partial order for which the Yoneda completion yields an w-algebraic partial order.
The fact that the Yoneda completion is sequentially adequate on this class follows
from Lemma 32 combined with the fact that for the case of partial orders, the Yoneda
completion reduces to the ideal completion.

In particular we obtain that the Yoneda completion is sequentially adequate on
the class of quasi-metric spaces encoding a countable partial order. Indeed, it is
easy to verify that the ideal completion of a countable partial order is w-algebraic.
Hence the Yoneda completion of a quasi-metric space encoding such a partial order
is w-algebraic.

A second example is the class of Smyth-completable quasi-metric spaces. The
Yoneda completion is sequentially adequate on this class since, by Theorem 26, the
Yoneda completion of a Smyth-completable quasi-metric space coincides with the
bicompletion and it is well known that the bicompletion of a quasi-metric space is
sequentially adequate (cf. [DiC71]).

6 Preservation of topological properties

We recall a result which will be used frequently in the proofs. Every quasi-uniform
space (X,U) is densely embedded in its Smyth completion (X U, T), with respect to
the conjugate topology T(U~!) (cf. a result of Siinderhauf discussed in [Kiin93, p.
322]).

By Proposition 19, we immediately obtain that each quasi-metric space is densely
embedded in its Yoneda completion with respect to the conjugate topology.

Theorem 36 Let (X, d) be a quasi-metric space.
(1) If (X, d) is totally bounded then (YY, (EY)*) is compact.
(2) (X,d) is precompact if and only if (Yy,ay) is precompact.

(3) If (X,d) is compact then (YY,EY) is compact.
Proof: (1) We remark that if a quasi-metric space (X, d) is totally bounded then it is

Smyth-completable ([Siin93]) and thus the Yoneda completion of the space coincides
with the bicompletion. The result follows since the bicompletion of a totally bounded
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space (X, d) is compact with respect to the topology 7 (EY)* (e.g. [FL82], Proposition
3.36).

To show (2), we recall a result from [KL95]:

Proposition 4 (¢): Let D be a 7 (U~')-dense subspace of a quasi-uniform space (X, ).
Then (D,U|D) is precompact if and only if (X, ) is precompact.

So (2) follows immediately from Proposition 4 (c) of [KL95] and by the fact that
a quasi-metric space is densely embedded in its Yoneda completion with respect to
the conjugate topology.

To show (3), we remark that in a quasi-metric space, each point has a neighbor-
hood base consisting of sets which are closed in the conjugate topology (e.g. [Kel63]).
Let G be an open cover of (YY,EY). Then consider those open sets of this space
whose closure with respect to the conjugate topology is contained in some member
of the cover G (i.e. use pairwise regularity). This new cover has a finite subcollection
covering {7 : x € X} by our assumption. The union of the closures with respect to
the conjugate topology of this subcollection covers Yy, since the set {T : z € X} is
densely embedded in X" with respect to the conjugate topology. We conclude that
G has a finite subcover covering x".

Corollary 37 The Yoneda completion preserves total boundedness and compactness
with respect to the associated symmetric topology.

Proof: Totally bounded spaces are Smyth-completable ([Stin95]) and total bound-
edness is preserved by bicompletions ([FL82]). Also, a quasi-metric space which is
compact with respect to its associated symmetric topology is totally bounded and
hence its Yoneda completion is compact with respect to the associated symmetric
topology.

a

We remark that the results stated in the corollary as well as in part (1) of The-
orem 36 are not new in the sense that the Yoneda completion for these cases is the
bicompletion and hence the results are implied by well-known results regarding this
last completion. However parts (2) and (3) of Theorem 36 truly involve new results
concerning the Yoneda completion.

For the Smyth completion, analogous results hold.

Theorem 38 Let (X,d) be a quasi-metric space.

(1) If (X, d) is totally bounded then (X, (Ua)*) is compact.

(2) (X,d) is precompact if and only if (X,Uq) is precompact.

(3) If (X, d) is compact then the Smyth completion (X, Uy, ’]~1 of the topological quasi-
uniform space (X,Uq, T (Ua)) is compact with respect to T (Uy).
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Proof: We remark that (1) and (2) follow from (1) and (2) of Theorem 36, combined
with Proposition 19.

The proof of (3) can be obtained as for (3) of Theorem 36, using the fact that
by Proposition 10 of [Kiin93], each point of a topological quasi-uniform space has a
neighborhood base consisting of sets which are closed with respect to the conjugate
quasi-uniformity and the above cited result on the dense embedding of (X,U) in its
Smyth completion (X,Z:{, ’f), with respect to the conjugate topology.

Corollary 39 The Smyth completion preserves total boundedness and compactness
with respect to the associated symmetric topology. O

Again, only part (2) and (3) of Theorem 38 are new results.
We remark that hereditary precompactness is not preserved by the Yoneda compl-
etion and thus (by Proposition 19) is not preserved by the Smyth completion.

Counterexample 1: Let X = {(n,m) € w X w : n < m}. Define a partial order on
X by (z,y) < (2/,y)if (1) z=2"and y <y or (2) y <2’

Then (X, <) is clearly hereditarily precompact (cf. also [KR95]); of course we
consider the quasi-metric d such that d(z,y) =0 if x < y.

For each k € w, set (ax) = ((k,{+k))icw- Note that each (ay) is a Cauchy sequence
in X. But observe that d’((a,), (a,)) = 1 whenever p,r € w and p < r. To this end
choose k € w such that k > r. Then (p,p+ k) < (r,r + 1) is not satisfied whenever
| € w. Hence we have found a subspace that is not precompact.

We conclude that (YY, EY) is not hereditarily precompact.

On the other hand, if the conjugate of a quasi-pseudo-metric space is hereditarily
precompact, then the conjugate of the Yoneda completion is hereditarily precompact.
The same holds for the Smyth completion.

This follows since, if the conjugate is hereditarily precompact, then by Example
6 of [Kiin93], the space is Smyth-completable. Furthermore the bicompletion of a
hereditarily precompact space is hereditarily precompact ([KL95]).

We remark that counterexample 1 can be adapted in order to show that precom-
pactness of a quasi-metric space does not imply compactness of its Yoneda completion.
Again by Proposition 21, the same holds for the quasi-uniform topology of the Smyth
completion. On the other hand it follows from Corollary 41 below that the topology
of the Smyth completion is compact.

Counterexample 2: Let (X, <) be the partially ordered space defined in coun-

terexample 1. Set p((z,y), (2',y")) =0if 2 = 2" and y < ¥/, p((x,y), (2',y)) =27 if
(z,y) < (2,y),x <2’ and x = n and p((z,y), (2/,y')) = 1 otherwise.
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One can easily check that (X, p) is a hereditarily precompact quasi-metric space.
We omit the straightforward verifications. Consider for each n € w the sequence
as = (8,8 + k)ren- Clearly each such sequence is a Cauchy sequence. Suppose that
the sequence (as)se, has a cluster point (x,), in X". Then (2)n cannot be unbounded
in the first coordinate by the definition of p¥, because each a4 is bounded in the first
coordinate so that p¥((x,)n,as) < 1 would be impossible. But if (), is bounded
in the first coordinate, then it cannot be arbitrarily close to (as), for large s by the
definition of p. We conclude that the Yoneda completion of (X, p) is not compact.

The results on the preservation of topological properties by the two types of com-
pletion are summarized in the table below. The following abbreviations are used: TB
for “totally bounded”, C for “compact”, PC for “precompact” and HPC for “heredi-
tarily precompact”. An indexing of any of the abbreviations with a star, indicates that
the property holds with respect to the associated symmetric topology. For instance
C*, for a given quasi-metric space (X, d), indicates that the metric space (X, 7 (d*))
is compact.

An implication of the form “P = ()7 indicates that in case the property P holds
for a given quasi-metric space, the property () holds for both the Yoneda completion
and for the Smyth completion of this space. A crossed out implication of the form
“P # (7 indicates that the property P for a given quasi-metric space does not imply
property @ for its Yoneda completion nor for its Smyth completion.

‘ Preservation of topological properties ‘

TB = C* C=0 PC = PC
TB*=TB" | C*"=C*"| HPC % HPC

Finally, we show that for the Smyth completion, precompactness of a Ty topo-
logical quasi-uniform space (X,U,7) implies compactness of the space (X,7) (cf.

Corollary 41). We remark that we do not obtain this result for the topology 7 () as
remarked in the paragraph preceding counterexample 2.

Proposition 40 Let (X,U,T) be a Ty Smyth complete topological quasi-uniform
space such that (X,U) is precompact. Then (X, T) is compact.

Proof: Let G be an ultrafilter on X. Set M(U) = {x € X|U(z) € G} whenever
U € U. By [Kiin93, Proof of Proposition 13| there is a left K-Cauchy filter H on (X, i)
such that {M(U)|U € U} C H. Let € be the filter on X generated by {U(H)|U €
U, H € H}. Clearly € is around S-Cauchy filter on the topological quasi-uniform space
(X,U,T(U)). Consider the identity TQUS-morphism i : (X, U, TU)) — (X, U, T).
For its extension i to the completion of (X,U, T (U)) we have by [Siin93, Lemma 14]
N(i(€)) ={AC X : There are E € T and U € U such that E € £, E <;; A}, where

<y refers to the topological quasi-uniform space (X,U, 7). Clearly N'(i(€)) C € C H.

Let O € N(i(€)). There are E € £ and U € U such that U(E) C O. Since
MU)NE € H, we can choose y € M(U)NE. Then U(y) € G and U(y) C U(E) C
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O. We conclude that G converges with respect to the topology 7. Hence (X, 7) is
compact.

Corollary 41 Let (X,U,T) be a Ty precompact topological quasi-uniform space and
let (X,U,T) be its Smyth completion. Then (X, T) is compact.

Proof: We know that by a result of Siinderhauf [Kiin93, p. 322|, which has already
been used several times before, X is 7 (U ~!)-dense in X. Thus (X,) is precompact
by [KL95, Prop. 4(c)]. The assertion follows from the preceding result.

Observe that the fact that hereditary precompactness is preserved by the classical
bicompletion ([KL95]), but not by the Yoneda completion nor by the Smyth comple-
tion, ought not necessarily to be viewed as a defect of these last two completions.

We recall ([KR]) that a hereditarily precompact quasi-uniform space which en-
codes a partial order, encodes a well-quasi-order. As mentioned in the introduction,
the theory of well-quasi-orders is fundamental in termination proofs for rewrite sys-
tems. The strategy involves an introduction of a well-quasi-order on the terms, where
the rewrite rules are shown to lead to strict decreases in the ordering (e.g. [DJ90]).

We remark that semantics for rewrite systems typically involve free (universal
algebra type) models. In general, when solutions for fixed point equations are con-
sidered or when an equational theory is extended by a recursion operator, a model
for the original theory can be extended to a model for the extended theory through
a partial order completion (e.g. [CV74] and [CV76|, where recursive equations are
considered in combination with rewrite rules).

One would intuitively expect the introduction of a recursion operator and a cor-
responding extension of the term model via a partial order completion to violate
termination and hence in particular to violate the well-quasi-ordering under consid-
eration. The negative results regarding hereditary precompactness for the Yoneda
completion and Smyth completion can be viewed as a (formal) reflection of the above
intuition.

The fact that the bicompletion preserves hereditary precompactness leads to
some speculation regarding applications of the above kind, in the context of Smyth-
completable quasi-metric spaces.

We remark that for Smyth-completable spaces which encode a partial order, every
Cauchy sequence is eventually constant. In theories where decidability is an issue,
as in [Sta86] and possibly in the related [CV74] and [CV76], such models may be
of (speculative) use. In [Sta86], an equational theory AU of typed lambda terms is
considered, aimed at the analysis of fixed point equations. It is shown in particular
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(corollary 1 of [Sta86]) that a fixed point equation Tz = x is solvable in every model
of AU if and only if for some n A = T™Ft 1 = T™ 1; that is in the term model, the
chain of iterations (7™ 1), is eventually constant.

7 Conclusion

We have obtained a generalized Yoneda completion in terms of nets and have shown
that this completion is not sequentially adequate in general.

A solution has been presented to the open question raised in [BvBR98], regarding
the class of spaces on which the Yoneda completion is idempotent.

We have characterized the largest class of quasi-metric spaces on which the Yoneda
completion is idempotent to consist of the Smyth-completable quasi-metric spaces.
On this class, which includes the totally bounded spaces, the Yoneda completion
and the Smyth completion reduce to the bicompletion. As such both completions
have been shown to preserve total boundedness and compactness with respect to the
symmetric associated topology.

The fact that both completions coincide in the context of the theory of totally
bounded spaces illustrates that this theory poses no difficulty and hardly any possi-
bility of controversy ([Smy91]).

It also entails that the Yoneda completion and the Smyth completion perform
equally well on the class of totally bounded spaces and indeed can be viewed as
alternative extensions of the bicompletion to the context of non-Smyth-completable
spaces.

The fact remains that the Yoneda completion is not idempotent in general. We
have shown however that despite this fact, the topological properties of precompact-
ness and compactness are preserved by the Yoneda completion as well as by the
Smyth completion. However not all properties which for a classical completion, as
the bicompletion, might be expected to be preserved, are preserved by the Yoneda
completion nor by the Smyth completion. This has been shown by a counterexample
for the hereditary precompactness property. As indicated above, this negative result
ought to be expected since the well-quasi-ordering (hereditary precompactness) of a
term-model for a rewrite system will in general be violated by a partial order com-
pletion. The negative result does indicate however that some caution is needed in
handling these non-standard completions.

Acknowledgments: The authors are grateful to the referees for the thorough revi-
sion of the work.
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