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Abstract

A characterization of partial metrizability is given which provides a partial
solution to an open problem stated by Kiinzi in the survey paper Nonsymmet-
ric Topology ([Kiin93], problem 7'). The characterization yields a powerful tool
which establishes a correspondence between partial metrics and special types
of valuations, referred to as @-valuations (cf. also [Sch00]). The notion of a
Q-valuation essentially combines the well-known notion of a valuation with a
weaker version of the notion of a quasi-unimorphism, i.e. an isomorphism in the
context of quasi-uniform spaces. As an application, we show that w-continuous
dcpo’s are quantifiable in the sense of [O’N97], i.e. the Scott topology and par-
tial order are induced by a partial metric. For w-algebraic dcpo’s the Lawson
topology is induced by the associated metric. The partial metrization of general
domains improves prior approaches in two ways:

- The partial metric is guaranteed to capture the Scott topology as opposed
to e.g. [Smy87],[BvBR95],[FS96] and [FK97], which in general yield a coarser
topology.

- Partial metric spaces are Smyth-completable and hence their Smyth-completion
reduces to the standard bicompletion. This type of simplification is advocated
in [Smy91]. Our results extend [Smy91]’s scope of application from the context
of 2/3 SFP domains to general domains.

The quantification of general domains solves an open problem on the partial
metrizability of domains? stated in [O’N97] and [Hec96].

Our proof of the quantifiability of domains is novel in that it relies on the
central notion of a semivaluation ([Sch00]). The characterization of partial
metrizability is entirely new and sheds light on the deeper connections between
partial metrics and valuations commented on in [BSh98]. Based on [Sch00] and
our present characterization, we conclude that the notion of a (semi)valuation
is central in the context of Quantitative Domain Theory since it can be shown
to underlie the various models arising in the applications.
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1 Introduction & related work

Recent developments in Domain Theory indicate that additional concepts are required
in order to develop the corresponding applications. These developments include do-
main theoretic approaches to dataflow networks (e.g. [Mat94] and [Mat95]), logic pro-
gramming (e.g. [Sed96]), domain theoretic approaches to integration (e.g. [Eda94]),
models for probabilistic languages (e.g. [Jon89] and [JP89]), models for real number
computation ([EEP97]) as well as models which incorporate complexity analysis (e.g.
[Sch96] and [RS96]).

Each of these applications involve “real number measurements” in some sense, and
hence the adjective quantitative is used as opposed to the adjective qualitative which
indicates the traditional order theoretic approach. The terminology “Quantitative
Domain Theory” was coined in [FSW96].

At this point several foundations exist. The more abstract approaches include
the Yoneda completion ([BvBR95]), the continuity spaces ([FK97]) and the topo-
logical quasi-uniform spaces ([Stin93]). These approaches are essentially equivalent
(cf. [FS96] and [KS97]) and lead to complex completions, involving non-idempotency
or subtle relations between two topologies and a quasi-uniformity. Moreover, they
involve generalized metrics which typically lead to topologies coarser than the Scott
topology, which for instance for the case of topological quasi-uniform spaces is resolved
by the addition of a new topology.

In [Smy91], the totally bounded spaces have been introduced, for which the notion
of completion simplifies to the bicompletion and for which the induced topology is
the Scott topology. Other approaches include the use of valuations (e.g. [JP89] and
[Eda94]) as well as the use of partial metrics (e.g. [Mat94]).

In [O’N97] the question is raised as to which domains are “quantifiable” in the
sense that there exists a partial metric which induces the Scott topology. A similar
question has been raised by Heckmann in [Hec96]. It is shown in [O’N97] that Scott
domains are quantifiable. We improve on this result by showing that w-continuous
dcpo’s are quantifiable.

A connection between partial metrics and valuations has first been indicated in
[O’N97]. Valuation spaces (X,C,v) are introduced which are defined as consistent
semilattices, i.e. semilattices for which every pair of elements which is bounded
from above has a least upper bound, equipped with a strictly increasing real-valued
valuation v. It is shown that these spaces can be equipped with a partial metric p,
defined by: p,(z,y) = —v(zMy). This partial metric is generalized, in the sense that it
assumes negative values. The relationship between valuations and partial metrics has
been further discussed in [BS97] as well as in the recent [BSh98]. These approaches
all involve partial metrics generated from strictly increasing valuations.

According to [BSh98], “the existence of deep connections between partial metrics

and valuations is well-known in Domain Theory”; a claim which is supported in part
by the examples discussed in [O’N97], [BS97] and [BSh98].



It is well-known that the topological characterization of partial metric spaces in
general poses a hard problem. Some interesting partial results for restricted classes
of spaces do exist however ([Kiin93] and [KV94]) and will be discussed below.

One of the reasons for the intractability of the problems stated in the survey paper
[Kiin93], seems to be that partial metric spaces do not embody as yet enough of the
structure of the examples arising in the applications®. Hence in our study of these
structures we have aimed at isolating a “mathematically nice” subclass of partial
metric spaces, which is still sufficiently large to incorporate the domain theoretic
examples involving partial metric spaces.

A suitable class of spaces was obtained in [Sch00], where we focused on the class
of quasi-metric semilattices. This class includes the Baire partial metric spaces of
[Mat94] as well as the complexity spaces of [Sch95] (cf. also [RS96]). It also incorpo-
rates the Scott Domains, whether they be represented as totally bounded quasi-metric
spaces, as in [Smy91], or via 0-1 valued quasi-metrics (e.g. [Smy87] or [BvBR95]), and
the interval domain ([EEP97]).

To analyze partial metrizability, we study the slightly more general class of quasi-
uniform semilattices.

These structures are defined to be semilattices equipped with a quasi-uniformity
with respect to which the semilattice operation is quasi-uniformly continuous. Quasi-
uniform lattices are defined in a similar way, where the definitions generalize the
classical definition of a uniform lattice (e.g. [Web91] or [Web93]).

One can show that the quasi-uniform continuity of the semilattice operation for
each of the above mentioned examples is implied by one of the following invariance
properties (e.g. [Gie80]): Vz,y,z € X.d(zMz,yMz) < d(z,y) and d(x U z,y U z) <
d(x,y). This has motivated the study of invariant quasi-metrics; which form a subclass
of the quasi-uniform semilattices.

In order to study partial metric spaces, it is convenient to focus on their equivalent
formulation as weightable quasi-metric spaces. A motivation for this choice is that
an equivalence between weighting functions and strictly increasing valuations will be
established, which will imply the equivalence between invariant partial metrics and
strictly increasing valuations in this context. This approach has the additional benefit
that the terminology is part of the standard theory of nonsymmetric topology (e.g.
[FL82] and [Kiin93)).

As remarked above, several open characterization problems on weightedness have
been stated in the survey paper Nonsymmetric Topology ([Kiin93])*:

“Characterize those quasi-uniformities having a countable base which are indu-
ced by a weighted quasi-pseudo-metric” (Problem 7)
“Which topological spaces admit weightable quasi-pseudo-metrics?” (Problem 8)

3H. P. Kiinzi, private communication.
4In [Kiin93] the problems are actually stated in terms of “quasi-metrics”, which correspond to
the “quasi-pseudo-metrics” as originally defined in [FL82].



“Develop a concept of a weighted quasi-uniformity” (Problem 10).

Partial results in connection to Problem 7 and Problem 8 are known ([Kiin93] and
[KV94]). The results concern restricted classes, as for instance the class of Alexandroff
topologies in relation to a partial solution of Problem 8 ([Kiin93]). In [KV94] an
interesting sufficient condition is given in connection to Problem 7 for a large class
of spaces: “any totally bounded quasi-uniform space with a countable base can be
induced by a weighted quasi-pseudo-metric”.

We recall ([Sch96]) that Problem 10 cannot be solved via an axiomatization
in terms of the entourages of the quasi-uniform space which would guarantee the
weightability of all quasi-pseudo-metrics which induce the quasi-uniformity (for the
case of quasi-uniformities with a countable base).

We present a partial solution to Problem 7 in the context of quasi-uniform semi-
lattices and of quasi-uniform lattices. We characterize the class of quasi-uniform
(semi)lattices which are induced by an invariant weightable quasi-metric. The solu-
tion is based on the notion of a )-semivaluation. This notion intuitively is a semivalu-
ation ([Sch00]) which is an order quasi-unimorphism. Semivaluations have been intro-
duced in [Sch00] as a natural generalization of valuations from the context of lattices
to the context of semilattices. Order-quasi-unimorphisms on quasi-uniform spaces
(X,U) generalize the definition of a quasi-unimorphism, where the condition of in-
jectivity has been replaced by strict increasingness and where the quasi-unimorphism
conditions are stated on the ordering relation <;,. Order quasi-unimorphisms are
“generalized” quasi-unimorphisms since, for the case of quasi-uniform spaces with an
associated linear order, they reduce to a quasi-unimorphism.

The solution differs from prior work in two ways:

- the class of partial metric spaces for which the solution has been presented has
been directly motivated by domain theoretic examples.

- the solution provides an equivalence, as opposed to prior results ([Kiin93] and
[KV94]) which provide either necessary or sufficient conditions. The same remark
holds for connections which have been obtained between partial metrics and val-
uations in [O’N97], [BS97], [BSh98|, which have been restricted to partial metrics
generated from strictly increasing valuations, but not conversely.

As an application of this result, we show that domains are partially metrizable.

The partial metrizability of domains has an interesting history. We obtained a so-
lution to the problem during a visit at Imperial College in September 2000. Recently,
Pawel Waszkiewicz communicated that he obtained similar results. On a later reading
of O'Neill’s thesis ([O'N98]), we discovered that the result was obtained priorly in this
work, but apparently never reported in the literature. O’Neill’s proof however fails to
go through for w-continuous domains, as illustrated by a counterexample in Section
5. Finally, we remark that the quantification of domains also follows from a more
general result, obtained by Kiinzi and Vajner in [KV94], where it is shown that each
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Ty-space with a o-point-bounded base admits a weighted quasi-pseudometric. So in
particular each second-countable Tj-space admits a weighted quasi-pseudometric.

The partial metrizability of domains is interesting in two ways.

It extends Smyth’s result on totally bounded spaces ([Smy91]) to general domains,
with preservation of the desirable property of Smyth-completability which guarantees
that the completion simplifies to the bicompletion. Indeed, we recall that partial
metric spaces are Smyth-completable ([Kiin93]).

The result also allows for the quantification of domains via a generalized metric
which does induce the Scott topology. This should be contrasted with prior ap-
proaches which, for the case of arbitrary domains, only could guarantee that the
generalized metric involved induced a topology coarser than the Scott topology. Typ-
ically this was avoided through the introduction of a second topology.

Our work differs from O’Neill’s in that we do not need the concept of a “generalized
valuation space” (J[O’N98]) to obtain a partial metric from a valuation. Indeed, by
using our characterization of partial metrizability, we can obtain our invariant partial
metrics directly from )-valuations. A similar remark applies to O’Neill’s notion
of an information measure, where his extra condition on the Borel measure “u(x |
— (xMNy)l) =0= 2 C 3" in our case is not required in order to generate a partial
metric. Also, we show that the partial metric inducing the Scott topology can be
generated from a function which has finite sum over all base elements. This may
be contrasted with O’Neill’s approach for domains with countable base B = (ay)n,
which involves a specific choice of weights on base elements defined by: w(a,) = %
Our characterization of partial metrizability for the case of quasi-uniform lattices,
provides a much sharper result for which we not only can derive partial metrics from
valuations, but also obtain an equivalence result between these notions.

In our proof, the partial metrizability of domains is obtained by an application
of the characterization of partial metrizability to the lattice of Scott-closed sets. It
is interesting to note that the partial metric on general domains is obtained from a
semivaluation on this lattice, while this can be achieved for the case of w-algebraic
domains via a valuation on the lattice.

The characterization sheds light on the “deep connections” between partial metrics
and valuations mentioned in [BSh98] (cf. also [Sch00]).

The proof that partial metrics on domains can be obtained from valuations on
lattices, combined with [Sch00], justifies the observation that valuations can be viewed
as the central notion of Quantitative Domain Theory which allows one to quantify
domains in a simple and elegant way.

Indeed, it is now clear that the notion of a (semi)valuation underlies varied and, on
the face of it, entirely unrelated models such as the totally bounded spaces of [Smy91],
e.g. used as logic programming models ([Sed96]), the partial metric spaces, e.g. used
as models for dataflow networks, models for efficiency analysis and models for real
number computation ([Mat94], [Sch95] and [EEP97]), and of course the models which
are directly based on valuations, such as models for domain theoretic approaches to



integration ([Eda94]) and models for non deterministic computation ([JP89]).

2 Background

The following notation is used throughout: N denotes the set of natural num-
bers, R denotes the set of real numbers, Rt = (0,00), Ry = [0,00), while R =

R U {—00, 00}, Rt =R+ U {oo} and Ry = Ry U {oo}.

A function d: X x X — RJ is a quasi-pseudo-metric iff

1) Ve e X.d(z,2) =0
2)Va,y,z € X.d(x,y) +d(y, z) > d(z, 2).

A quasi-pseudo-metric space is a pair (X, d) consisting of a set X together with a
quasi-pseudo-metric d on X.

In case a quasi-pseudo-metric space is required to satisfy the Ty-separation axiom,
we refer to such a space as a quasi-metric space.

In that case, condition 1) and the Ty-separation axiom can be replaced by the
following condition:

Y Va,y. d(z,y) =d(y,x) =0z =y.

The conjugate d—! of a quasi-pseudo-metric d is defined to be the function d~!(z, y)
= d(y,x), which is again a quasi-pseudo-metric (e.g. [FL82]). The conjugate of
a quasi-pseudo-metric space (X, d) is the quasi-pseudo-metric space (X,d™'). The
(pseudo-)metric d* induced by a quasi-(pseudo-)metric d is defined by d*(z,y) =
maz{d(z,y), d(y, )}

A quasi-pseudo-metric space (X, d) is totally bounded iff Ve > 03xy...x, €
XVee Xdie{l,...,n}.d"(z;,z) <e

A quasi-metric space (X, d) is compact iff the associated metric space (X,d*) is
compact.

The associated preorder <, of a quasi-pseudo-metric d is defined by x <, y iff
d(z,y) = 0.

We write that a quasi-pseudo-metric space encodes a preorder when Vz,y €
X.d(z,y) € {0,1}. In that case we also write that the encoded preorderis the preorder
(X, <4). Conversely, for a given preorder (X, <), one can define a quasi-pseudo-metric
space (X, d<) which encodes the preorder, in the obvious way.

Let (P,C;) and (Q,C2) be partial orders. A function f: P — @Q is increasing
(decreasing) & .y € P.a Cyy = [(z) Ca f(5) (F(y) Ca £(2)).

A function f:(X,d) — (X',d’) is an isometry iff f is a bijection and Vz,y €
X.d(f(z), £(y)) = d(z,y).

We recall ([Sch96], Lemma 5) that quasi-pseudo-metrics satisfy the following prop-
erty, which we refer to as the “Monotonicity Lemma”: if (X,d) is a quasi-pseudo-
metric space then Vz, o', v,y € X. (' <gx and ¢y >4 y) = d(2/,y') < d(z,y).
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We discuss a few examples of quasi-pseudo-metric spaces.

The function di: R* — R, defined by d,(x,y) = y — 2 when z < y and d;(z,y) = 0
otherwise, and its conjugate are quasi-pseudo-metrics. We refer to d; as the “left
distance” and to its conjugate as the “right distance”. These quasi-pseudo-metrics
correspond to the nonsymmetric versions of the standard metric m on the reals, where
Ve,y € R.m(x,y) = |z —yl.

Note that the right distance has the usual order on the reals as associated order,
that is Vz,y € R.x Sgt Y e TSy, while for the left distance we have Vx,y €
Rzx<gyez>y.

The function dy: (R — {0})2 — R{, defined by dy(z, y) =
0 otherwise, and its conjugate are quasi-pseudo-metrics.

The complezity space (C,d¢) has been introduced in [Sch95] (cf. also [Sch96] and
[RS96]. Here

1 1 When y < 2 and
y T

ffwo TR = g—n_ 1 .
C={f: R|n§)2 f(n)<+ }

and d¢ is the quasi-pseudo-metric on C' defined by

de(f.g) = f: r“[(ﬁ - ﬁ> V0]

whenever f,g € C. The complexity space (C,d¢) is a quasi-metric space with a
maximum |, which is the function with constant value oo.

The dual complezity space is introduced in [RS96] as a pair (C*, dc+), where C* =
{fiw—R§|E2,2"f(n) < +oo}, and de- is the quasi-metric defined on C* by
de«(f,9) = 302027 "[(g(n) — f(n)) v 0], whenever f, g € C*. We recall that (C,d¢)
is isometric to (C*,de+) by the isometry ¥ : C* — (| defined by V(f) = 1/f (see
[RS96]). Via the analysis of its dual, several quasi-metric properties of (C,d¢), in
particular Smyth completeness and total boundedness, are studied in [RS96].

For a given set X, A is the identity relation. A quasi-uniform space is a pair
(X, U) consisting of a set X with a filter &/ on X x X such that

YU eU ACU
)VU eUYIV eU. VoV CU.

In that case, U is called a quasi-uniformity on X and its elements are referred to
as entourages.
A uniform space is a quasi-uniform space (X, ) such that

JIVUeU.U 't el.

In that case, U is called a uniformity on X.

Given a quasi-uniform space (X,U) then the uniform space associated to (X,U)
is defined to be the space (X,U") where YU* = {V C X x X|3U € U such that V
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2UNU Y.

The preorder associated with a quasi-uniform space (X,U) is the relation <
defined to be the intersection of all the entourages of U.

The quasi-uniformity Uy generated by a quasi-pseudo-metric d on a set X is the
filter generated on X Xx X by the set of relations (Bsg)., where Ye > 0.B, =
{(z,y)]d(z,y) < €}. Two quasi-pseudo-metrics are equivalent iff they generate the
same quasi-uniformity.

The topology 7 (U) associated to a quasi-uniformity &/ on a set X is the topology
generated by the neighborhood filter base U[z] = {Ulz]| U € U}, where Vo € X VU €
U.Ulz] ={y|(z,y) e U}.

If (X, U) and (Y, V) are quasi-uniform spaces, then a base of the product quasi-
uniformity U X V is the set of all binary relations B on X x Y, such that there is a
UeU and a V €V such that for each (z,y) in X x Y, B[(z,y)] 2 Ulz] x V]y]. The
topology induced by the product quasi-uniformity is the product topology.

A function f:(X,U) — (Y,V) is quasi-uniformly continuous iff VV' € V3IU €
U. f2(U) CV,where f2(U) = {(f(x), f(y)|2zUy}. A quasi-unimorphism f: (X,U) —
(Y, V) is a bijection such that both f and f~! are quasi-uniformly continuous. A func-
tion f:(X,d) — (Y,d') is quasi-uniformly continuous iff the function f:(X,U,) —
(Y, V) is quasi-uniformly continuous.

In case the associated order of a quasi-pseudo-metric (quasi-uniform) space is a
linear order we refer to the space as a linear quasi-pseudo-metric (quasi-uniform)
space.

A join (meet) semilattice is a partial order (X, <) such that every two elements
x,y € X have a supremum z Uy (infimum x My) in X. A lattice is a partial order
which is both a join and a meet semilattice.

We write that a quasi-pseudo-metric (quasi-uniform) space is a (semi)lattice iff
the associated order is a (semi)lattice.

In fact, with slight abuse of terminology, we will refer to quasi-metric spaces
for which the associated order is a semilattice, simply as semilattices, and a similar
convention holds for the case of lattices.

In this context, the quasi-metric space is referred to as the underlying quasi-metric
space.

The terminology of quasi-pseudo-metric (quasi-uniform) (semi)lattice is reserved
for quasi-pseudo-metric (quasi-uniform) spaces which are (semi)lattices for which
the operations are quasi-uniformly continuous with respect to the product quasi-
uniformity Uy x Uy (U x U). This is in accordance with the terminology used for the
theory of uniform lattices (e.g. [Web91] and [Web93]).

A join semilattice (X, d) is invariant iff Vo, y,z € X.d(z U z,y U z) < d(z,y). In
that case we also write that the quasi-pseudo-metric d is invariant. The notions of
an tnvariant meet semilattice and of an invariant lattice are defined in the obvious
way. One can easily verify that invariant join semilattices are quasi-pseudo-metric



join semilattices and that similar results hold for the case of invariant meet semilat-
tices and for invariant lattices.

We recall that a quasi-pseudo-metric (quasi-uniform) space is Ty iff the associated
order of the space is a partial order (e.g. [FL82]). We will work under the assumption
that all spaces satisfy the T separation axiom; that is we will solely refer to quasi-
metric spaces in the following.

A nonnegative real valued function f on a set X is bounded iff AK > 0Vz €
X. f(z) < K.

A function f: X — R is fading iff inf,cx f(z) = 0. We recall the definition of a
valuation on a lattice (L, C).

A function f: L — R{ is a valuation iff

(1) f is increasing.
(2) Vo,y € L. f(xNy) + fz Uy) = f(z) + f(y).

In case the function f is decreasing and satisfies (2), we refer to f as a co-valuation.

If f only satisfies (2) we say that f satisfies the modularity law, or also that f is
modular.

There does not seem to be a consistent terminology in the literature. Valuations,
also called evaluations, as used in computer science (e.g. [BS97] or [Jon89]) typically
satisfy (1) and (2) above. In the classical mathematical literature a valuation only
needs to satisfy (2) (e.g. [Bir84]).

It is convenient for matters of presentation to reserve the definition given above
for a valuation in order to state results on connections between partial metrics and
valuations as they occur in Computer Science.

Finally, a (co)valuation f on a lattice (L, C) is strictly increasing (strictly decreas-
ing) ifVe,y € L.aCy = f(z) < f(y) (f(z) > f(y)). What we call strictly increasing
corresponds to the strongly non-degenerate requirement of [BSh98| and strictly in-
creasing valuations are exactly the dimension functions as defined in [CD73].

A partial order (X, <) is directed iff Vo,y € X3z € X. 2> x and z > y.

A directed complete partial order (dcpo) is a partially ordered set (P,C) with a
least element 1 and such that every directed subset has a supremum. The set of
elements below an element x is denoted by x|.

Suppose that = and y are elements of a dcpo (P,C), then x is way below y iff for
all directed subsets A, y C Usup A = Ja € A. x C a. The set of elements way below a
given element x is denoted by z{}. For any set A C P, Al ={zx € P|Ja € A.x < a}.
A compact element is an element which is way below itself. The set of compact
elements of P is denoted by K(P).

A subset B of a dcpo P is a basis for P iff for all z € P, the set B, = BN (z}) is
directed with supremum z.

A dcpo P is called continuous if it has a basis and it is called algebraic if it has a



basis of compact elements.

An equivalent characterization of a continuous dcpo is that z = U(z ) for any
element x of the continuous dcpo. Every algebraic domain is a continuous domain.
A continuous dcpo with a countable basis is called w-continuous. An w-continuous
dcpo is also simply referred to as a domain. Similarly, we use the terminology of an
w-algebraic depo P, when K(P) is countable.

A basis characterizes the ordering since x <y < B, C B,. Of course v < y =
z Cy.

A dcpo in which each pair of elements with an upper bound has a supremum, is
called bounded-complete. The w-algebraic bounded-complete dcpos are called Scott
domains. An example of a continuous dcpo which is not algebraic is the unit interval
[0, 1], with its usual order, where z < y < (z < y or x = 0). We discuss an example
of a Scott domain below.

Example: as in Example 4 of [Smy91], let £>° denote the set of all finite and infinite
sequences (“words”) over a countable alphabet . For any subset A of X, let A*
denote the set of all finite sequences over A. Given a sequence s € 3, say of length
L > 1, then for any natural number n such that 1 < n < L, s(n) denotes the n-th
element. The prefix order C on X* is defined as follows: for any two sequences,
s, € ¥ s C ' & s is an initial subsequence of §'. Then (X°°,C) is an example of
a Scott Domain, where the set of finite elements is >*.
We recall some basic information from [Plo83] on 2/3 SFP domains.

Definition 1 Given a subset A of a partial order P, then an upper (lower) bound of
A is an element x € P such that Vy € A.xz Jy (x C y). A minimal upper bound of
A is an upper bound for A which has no other upper bounds of A below it. The set
of minimal upper bounds of A is complete iff every upper bound of A has a minimal
upper bound below it.

Definition 2 An w-algebraic domain is 2/3 SFP iff its Lawson topology is compact.

Theorem 3 (The 2/3 SFP Theorem of [Plo83]). An w-algebraic domain is 2/3 SFP
iff for any pair of compact elements of the domain, the set of minimal upper bounds
1s complete and finite.

A quasi-metric space (X, d) is weightable iff there exists a function w: X — R{
such that Vz,y € X.d(z,y) + w(z) = d(y,z) + w(y). The function w is called a
weighting function, w(x) is the weight of x and the quasi-metric d is weightable by the
function w. A weighted space is a triple (X, d, w) where (X, d) is a quasi-metric space
weightable by the function w.

A quasi-metric space (X, d) is co-weightable iff its conjugate (X, d!) is weightable.
A co-weighting function of a quasi-metric space is a weighting function of its conjugate.
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A co-weighted space (X, d,w) is a triple consisting of a set X, a quasi-metric d on X
and a co-weighting function w.

A quasi-metric space (X, d) is bi-weightable iff it is weightable and co-weightable.
We remark that any weighted space (X, d,w) of bounded weight, where say Vx €
X.w(z) < K, is co-weighted by the weighting function K — w ([Kiin93]). Hence any
weighted space of bounded weight is bi-weightable. Similarly one obtains that any
co-weighted space of bounded co-weight is bi-weightable.

For a detailed discussion of weightable quasi-metric spaces and the equivalent
partial metric metric spaces we refer the reader to Section 4 of [Sch00]. We recall
in the following the definition of a semivaluation and its natural interpretation as

a generalization of the notion of a valuation to the context of semilattices (cf. also
[Sch00]).

Definition 4 If (X, <) is a meet semilattice then a function f:(X,=) — R{ is a
meet valuation iff

Vo,y,z€ X. f(xMz) > flaNy) + flyNz) — fy)

and f is meet co-valuation iff

Va,y,z € X. f(xNz) < flaNy) + flyMNz) = fy).

Definition 5 If (X, <) is a join semilattice then a function f:(X, =) — R is a
join valuation iff

Vo,y,z€ X. f(xUz) < flaUy) + flyUz) — fy)

and f is join co-valuation iff
Va,y,z € X fxUz) = faUy) + flyUz) — f(y).

Definition 6 A function is a semivaluation if it is either a join valuation or a meet
valuation. A join (meet) valuation space is a join (meet) semilattice equipped with a
join (meet) valuation. A semivaluation space is a semilattice equipped with a semi-
valuation.

Proposition 7 Let L be a lattice.
1) A function f : L — R§ is a join valuation if and only if it is increasing and
satisfies join-modularity, i.e.:

flxUz)+ f(xMz2) < f(x) + f(2).

2) A function f: L — R{ is a meet valuation if and only if it is increasing and
satisfies meet-modularity, i.e.

flaUz) + flanz) = f(z) + f(2).

11



Corollary 8 A function on a lattice is a valuation iff it is a join valuation and a
meet valuation. A function on a lattice is a co-valuation iff it is a join co-valuation
and a meet co-valuation. a

The last result clearly motivates the fact that semivaluations provide a natural
generalization of valuations from the context of lattices to the context of semilattices.
We refer the reader to [Sch00] for the correspondence theorems which link partial
metrics to semivaluations. We include Theorem 10 of [Sch00] to which we will refer
extensively in the following.

Theorem 9 (Theorem 10 of [Sch00]) For every join semilattice (X, <), there exists
a bijection between invariant weighted quasi-metrics d on X with <;== and fad-
ing strictly decreasing join co-valuations f:(X,=) — (Rg,<). The map f — dj
is defined by ds(z,y) = f(y) — f(x Uy). The inverse is the function which to each
weighted space (X, d) associates its unique fading weighting. Similarly one can show
that for every join semilattice (X, =), there exists a bijection between invariant co-
weighted quasi-metrics d on X with <,== and fading strictly increasing join valua-
tions f: (X, <) — (R§,<). The map f — d; is defined by ds(z,y) = f(zUy) — f(y).
The inverse is the function which to each co-weighted space (X, d) associates its unique
fading co-weighting.

We end the section with the remark that the totally bounded quasi-metric Scott
domains of [Smy91] are neither weightable nor co-weightable in general. The fact that
the spaces are not co-weightable, prevents a straightforward representation of such a
domain as a meet valuation space via the dual version of Theorem 9 (cf. Theorem
11 of [Sch00]). However, the problem will be eliminated, since we will show that
domains allow for a bi-weightable quasi-metric which induces the Scott topology and
their partial order (Proposition 27).

Counterexample: We recall that any weightable quasi-metric space (X,d,w) is
order convex ([Sch96)), i.e. Va,y,z € X.x >,y >4 2 = d(z,z) = d(z,y) + d(y, z). It
is easy to show that the same holds for co-weightable quasi-metric spaces. We show
that in general, Scott Domains are not order convex and hence not co-weightable nor
weightable.

Let ¥ be a countable alphabet, say ¥ = (a,)n>0. We consider a Scott domain
(33°°, ) as in the example at the end of Section 2. We equip the domain with a quasi-
metric d,., defined by: d,.(z,y) = inf{27"| e C x = e C y for every finite e of rank <
n}. Here the rank of a finite element is determined by the function r: ¥* — A where
Vw € ¥*.r(w) = the minimal n such that w € {ay, ...,a,}" and length(w) < n.

Let wy = (ao, ..., ax), ws = (ag,...,q) and ws = (ag,...,a,), where k > [ > m.
Then w; >4, wy >4 w3, but d,.(wi,wy) = 27, d.(wy, ws) = 27™, while d,(w;, ws) =
27™. So (¥%,d,) is not order convex, and thus not co-weightable nor weightable.
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3 Quasi-uniform semilattices
We recall the following useful characterization of invariance from [Sch00].

Lemma 10 A join semilattice (X, d) is invariant iff Ve,y € X.d(x Uy, y) = d(z,y).
A meet semilattice (X, d) is invariant iff Yo,y € X.d(z,x Ny) = d(z,y).

We say that a partial metric on a join semilattice is tnvariant iff its corresponding
weightable quasi-metric is invariant. The definitions for the case of meet semilattices
and lattices are similar.

We will discuss several examples of quasi-uniform (semi)lattices which arise in
Domain Theory (cf. [Sch00]). In each case, the quasi-uniform continuity of the
(semi)lattice operations follows from the fact that the quasi-uniformity is generated
by an invariant quasi-metric.

Example 1: Any quasi-metric space which encodes a semilattice is invariant with
respect to the semilattice operation. This is in particular the case for quasi-metrics
which encode a Scott domain, since any bounded-complete algebraic cpo is a semi-
lattice (e.g. [Gun92|).

Not only straightforward encodings of Scott domains give rise to quasi-uniform
semilattices. We recall that a main example of [Smy91], regarding totally bounded
spaces as domains of computation (Example 2), as well as the Baire partial metric
spaces of [Mat95] (Example 3), the complexity space of [Sch95] and its dual (Example
4) correspond to quasi-uniform semilattices ([Sch00]).

Example 2: As in [Smy91], let (D,C) be a Scott domain equipped with a rank
function r: Fp — N, where Yn € N.r~1(n) is a finite non-empty set and Fp is the
set of finite elements of D. Then the following function defines a totally bounded
quasi-metric on D:

d.(z,y) =inf{27"|e C x = e C y for every finite e of rank < n}.
The resulting structure is a quasi-metric meet semilattice.

Example 3: Any Baire partial metric space (X°°,p) (cf. [Sch00]) gives rise to
a quasi-uniform meet semilattice induced by the corresponding weightable quasi-
pseudo-metric meet semilattice (X°°,b).

We remark that the weighting function of a Baire quasi-metric space is bounded
and thus such a space is bi-weightable.

Example 4: The interval domain (/([0,1]),p) consisting of the closed bounded in-
tervals of [0, 1] ordered by reverse inclusion and equipped with the partial metric p
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(see [O’N98]) defined by:
p([a,b], [c,d]) = max{b,d} — min{a, c}.

One can easily verify that the associated weighted quasi-metric space (1([0,1]),d,)
is a quasi-metric meet semilattice with a bounded weighting function.

Example 5: The complexity space (C,d¢) and its dual (C*,de+) are examples of
invariant join and meet lattices respectively. We refer the reader to [Sch96], where
the invariance (optimality) of the complexity space is shown and where more gen-
eral examples of invariant semilattices involving upper weighted function spaces are
discussed.

We remark that neither the weighting function of the complexity space nor of its
dual is bounded. However, as discussed in [RS96], complexity functions of programs
computing a given problem frequently can be shown to possess a complexity lower
bound. A theoretical justification for the existence of lower bounds has been given in
[RS98] based on Levin’s theorem (e.g. [Jon97]). It is remarked in [Jon97| that “for
an important class of problems that can occur in practice an optimal algorithm does
exist”, by Levin’s theorem, and hence one does obtain a lower bound in general. So
it is reasonable to restrict the complexity space to complexity functions respecting a
given lower bound. It is easy to verify that the complexity distance is bounded on
such restricted spaces and hence the fading weighting is bounded. So we obtain that
the restricted spaces are bi-weightable.

A similar argument can be given for the dual complexity space. For more infor-
mation on complexity spaces with a lower bound, we refer the reader to [RS96] and
[RS98].

Example 6: Any quasi-metric space for which the associated order is linear is in-
variant with respect to its lattice operations. We leave the verifications to the reader.
Some examples are the quasi-metric space (I,d; ') considered in [Smy91], where I is

the unit interval [0, 1], as well as the spaces (Rd,d;) and (R*, ds).

The following theorem provides a partial solution to Problem 7 of [Kiin93], for the
class of quasi-uniform join semilattices. We first define the useful notion of an order
quasi-unimorphism.

Definition 11 If (X, U) and (Y, V) are quasi-uniform spaces then a function f: (X,
U) — (Y, V) is an order quasi-unimorphism iff

1) f is strictly increasing with respect to the associated orders
2) VW eVaU eUVr,y € Xox >y y = (2Uy = (f2)V(fy))
)VU eUIV € VVr,ye Xow >y = (f(2)V fly) = 2Uy).

If (X,d) and (Y,d') are quasi-metric spaces then a function f:(X,d) — (Y,d') is
an order isometry iff
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1) f is strictly increasing with respect to the associated orders

2)Vr,y e Xow zgy = (d'(f(x), f(y) = d(z,y)).
We also refer to f as an order isometry on the space (X, d).

Clearly, every quasi-unimorphism f: (X, U) — (Y,V) is a surjective order quasi-
unimorphism. We remark that for the case where the domain (X, /) is linear, the
notions of a surjective order quasi-unimorphism and that of a quasi-unimorphism are
equivalent.

We will focus in the following on order quasi-unimorphisms with range space
(R, Ug,) and (RS, U d;l) respectively. These are referred to as left order quasi-
unimorphisms and right order quasi-unimorphisms respectively. A similar terminol-
ogy is used for order isometries.

Definition 12 A Q-join valuation on a quasi-uniform join semilattice is a join val-
uation which is a right order quasi-unimorphism. A Q-join co-valuation on a quasi-
uniform join semilattice is a join co-valuation which is a left order quasi-unimorphism.

Remark: The fact that a join co-valuation is decreasing, while a Q-join co-valuation
is increasing with respect to the associated orders is of course consistent, since the
associated order of the left distance d; is the opposite of the standard ordering on the
reals.

Theorem 13 If (X, U) is a quasi-uniform join semilattice then U is generated by a
weightable invariant quasi-metric < there exists a Q-join co-valuation on (X, U).

Proof: Let (X, U) be a quasi-uniform join semilattice generated by a weightable
invariant quasi-metric, say d. Let w be a weighting function for the space (X,d).
By Theorem 9, w is a join co-valuation and strictly increasing with respect to the
associated orders.

We show that w: (X, U) — (R&, Uyg,) is a left order quasi-unimorphism. For
this it suffices to show that w: (X,d) — (R{,d;) is an order isometry. Since w is
strictly increasing with respect to the associated orders, we only need to verify that
Ve,y € Xow 2qy = (di(w(z), w(y)) = d(z,y)).

Let x,y € X be such that = >, y, then, by the weighting equality, we obtain that
d(w,y) = wiy) — w(z) = dy(w(z), w(y).

To show the converse implication, we assume that there exists a Q-join co-valuation
fon (X,U). Since f: (X, <py) — (R{, <) is a strictly decreasing join co-valuation and
(X, <yy) is a join semilattice, by Theorem 9, we obtain the weighted space (X, dy, f)
where Vz,y € X.ds(z,y) = f(y) — f(z Uy) and where dy is invariant. We show that
dy induces U.

For the proof, note that d¢(z,y) = f(y) — f(x Uy) = di(f(x Uy), f(y)).

For Uy, C U, we must show Ve > 03U € U.2Uy = de(xz,y) < e. Let e > 0.
Since f is a left-order quasi-unimorphism, there is a U’ € U with [z >, y and
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2U'y] = di(f(2), f(y)) < e. Since (X,U) is a quasi-uniform join semi-lattice, there is
U € U with aUb = (aUy)U'(bUy). Hence xUy implies (xUy)U'y. Since Uy >74 y
holds, zUy implies € > dy(f(x Uy), f(y)) = d(x,y).

For U C U4, we must show that YU € U Je > 0.ds(z,y) < e = 2Uy. Let U € U.
By the definition of quasi-uniformities, there is a V' € U such that V oV C U. Since
[ is a left-order quasi-unimorphism, there is € > 0 with [z >;, y and d,(f(2), f(y)) <
€] = 2Vy. We remark that d¢(x,y) < e implies d;(f(z Uy), f(y)) < e. Since
rly >4 y holds, this implies (xUy)Vy and of course 2V (rUy). Hence 2V (zUy)Vy
and thus zUy.

Definition 14 A Q-meet valuation on a quasi-uniform meet semilattice is a meet
valuation which is a right order quasi-unimorphism. A @Q-meet co-valuation is a
meet co-valuation which is a left order quasi-unimorphism. A Q-semi-valuation is a
function which is either a Q-join valuation or a Q-meet valuation.

Finally, we give a dual version of Theorem 13.

Theorem 15 If (X, U) is a quasi-uniform meet semilattice then U is generated by a
co-weightable invariant quasi-metric < there ezists a Q-meet valuation on (X, U).

4 Quasi-uniform lattices

Definition 16 A Q-valuation on a quasi-uniform lattice is a modular right order
quasi-unimorphism. A Q-co-valuation on a quasi-uniform lattice is a modular left
order quasi-unimorphism.

We will obtain a version of Theorems 13 and 15 for the case of quasi-uniform
lattices. We focus on the case of bounded valuations since all of the above discussed
examples involve bounded semivaluations.

Theorem 17 Let (X, U) be a quasi-uniform lattice. There exists a bounded Q-(co-
Jvaluation f on (X, U) iff U is generated by a bi-weightable invariant quasi-metric.

Proof: Let (X, U) be a quasi-uniform lattice.

Let f be a bounded Q-valuation on (X, ), say with a bound K. By Corollary 8,
the function f is a meet valuation.

Thus f is a @-meet valuation and hence we obtain by (the proof of) Theorem 15
(cf. also Theorem 11 of [Sch00]) a quasi-metric d; which is co-weightable, invariant
with respect to the meet operation and which induces U, where Va,y € X.d¢(z,y) =

flx) = f(zNy).
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Since f is also join-modular and strictly increasing, we obtain that f = K — f
is co-join-modular and strictly decreasing. Hence f is a (Q-join co-valuation and by
(the proof of) Theorem 13 (cf. also Theorem 9), we obtain that ¢/ is induced by the
co-weightable quasi-metric dy which is invariant with respect to the join operation
and where dy = fly) = flxuy).

By Proposition 13 of [Sch00], we obtain that Va,y € X.ds(z,y) = ds(z,y). We
denote these identical quasi-metrics by d.

Clearly, the quasi-metric d is bi-weightable, invariant and induces the quasi-
uniformity U.

To show the converse, we assume that there exists a bi-weightable invariant quasi-
metric d on X which induces Y. Let f be the unique fading weighting and ¢ the
unique fading co-weighting of d. Then Vz,y € X.d(z,y) + f(z) = d(y,z) + f(y) =
d(z,y)—d(y,z) = f(y)— f(z) and d(z,y)+9(y) = d(y, z)+g(z) = d(z,y) —d(y, ) =
9(x) = g(y). Hence Va,y € X. f(y) — f(z) = g(x) —g(y) = f(@)+g(x) = f(y) +9(y).
Thus, f+ ¢ is a constant function, say K. This implies that f and g are bounded by
K,and g=K — f.

By meet-invariance, d(z,y) = d(x,xMy) = f(zMy)— f(z), and by join-invariance,
d(z,y) =d(xUy,y) = f(y) — f(z Uy). Together, this shows that f is modular and
thus a co-valuation. Therefore, g = K — f is a valuation.

By (the proof of) Theorem 13, f is a left order quasi-unimorphism, hence a Q-co-
valuation. Similarly, g is a Q-valuation.

We recall (cf. the counterexample following Corollary 8) that Scott domains are
not co-weightable in general. As an application of Theorem 17, we will show in the
next section that domains are partially metrizable. In particular we will show that
domains can be equipped with a bi-weightable invariant quasi-metric which induces
the Scott topology.

5 Domains are quantifiable

Definition 18 A domain (P, C) is quantifiable iff there exists a weighted quasi-metric
d on P which induces the Scott topology on the domain and for which the associated
order coincides with the domain order.

We introduce the Smyth quasi-metric related to a quasi-metric discussed in [Smy91].

Definition 19 For a domain (X, C) with a basis B = (ay)n, the Smyth-quasi-metric
dg is defined by:

1
ds(x,y) = inf{2—n|W <n.oa<KLr=a <Ly}
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We leave the proof of the following proposition as an exercise.

Proposition 20 Domains (P,C) are quasi-metrizable by the quasi-metric dg; i.e. dg
induces the Scott topology on (P,C).

For the case of w-algebraic domains, the quasi-metric dg can be simplified by
replacing the way below inequality “<” by “C”.

Proposition 21 2/3 SFP w-algebraic domains (P, dgs), equipped with the Smyth quasi-
metric dg, are totally bounded.

Proof: Let P be a 2/3 SFP w-algebraic domain. We show that (P,dg) is totally
bounded, where (a,)ne, is the enumeration of the base elements which determines
ds.

Given € > 0, then consider a natural number N such that %N < €.

Let the finitely many elements which satisfy the total boundedness requirement
consist of the union of the sets of the minimal upper bounds of all combinations of
finite elements with an index < N. We denote this set by X = {z1,...,z,}.

Given an element x € X, we consider the base elements below x with index < N.
Note that for this set there exists an upper bound x and hence a minimal upper bound
below x by the completeness condition. This minimal upper bound is an element of
X, say some x;. It is easy to verify that d(z,z;) < € and hence d*(z, z;) < e.

In the following P denotes a domain (P, C) unless otherwise stated.

Definition 22 Let C(P) denote the lattice of Scott-closed subsets of P, ordered by
incluston.

We remark that P| = {x| |z € P} CC(P).

Definition 23 The Smyth quasi-metric is extended to the lattice of Scott-closed sets
C(P) by:

1
The restriction d5 of D to P is defined by: di(x,y) = Dg(z|, yl).

We leave the straightforward verifications of the following three lemmas to the
reader.

Lemma 24 Dg is a join-invariant quasi-metric and hence (C(P),Upe) is a quasi-
uniform join semilattice, equipped with the subset order, i.e. C <pe C'esCcCo.
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For the following Lemma we use the fact that (z |)}}= z{.
Lemma 25 d$ coincides with the Smyth quasi-metric dg.

Lemma 26 Let (P,C) be a domain with countable base B = (ay),. We use the
following notation for A C P: Vn. Aln| = AN{a;|i < n}. Then, for any two Scotl-
closed sets, C' and C" such that C O C', we have:

D5(C,C") = inf (o | (CL)n] = (C') ]}

In the following proposition, on the quantifiability of domains (P, C) with a count-
able base B = {a,},, we use the notation d" to distinguish this quasi-metric from
the quasi-metric d,, defined in Theorem 9. In fact, d* is dg_,, (using the notation of
Theorem 9), where K =3, w(ay,).

Proposition 27 Let (P,C) be a domain with a countable base B = (ay), and let
w: B — R denote a function such that® ¥n.w(a,) > 0 and 3, cpw(a,) < co. Then
(P,C) is quantifiable by the following bi-weightable quasi-metric:

d“(z,y) = > wla,).
an€zd—yl
If (P,C) is w-algebraic, then (P, C) is quantifiable by the following bi-weightable quasi-
metric:
d“(z,y) = > w(an).

an€xl—yl

In this case, the associated metric d* induces the Lawson topology.

Proof: Consider a function w: B — R* such that 3, w(a,) has finite value, say K.

We apply Theorem 13 to the lattice of Scott-closed sets C(P) in order to show
that U is generated by a bi-weighted invariant quasi-metric. We extend w to C(P)
as follows: for any Scott-closed set C,

W(C)= > wlan).

an€Cl

By Theorem 13, we need to show that W' = K — W is a Q-join co-valuation on the
quasi-uniform lattice (C(P),Uag,).
We remark that

VC,Cy € C(P). (CLUC)y = Cr UCH .
However, in general one only has:

YOy, Cy € C(P). (Cy N Co)b € Chll NCsll .

°In case the domain has a least element L, one can allow w(L) = 0.
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Hence, W(C U C') + W(C N C') = X, ccucny W(an) + Xa,ecnony w(an) <
Yape(cyuory) Wan) + 3, ccpncry) W(an) = Xa,cop w(an) +Xa,econy wlan) = W(C) +
w(c").

So W is a join valuation and hence W’ is a join co-valuation on the lattice C(P)
with the operations of intersection and union. To verify that W’ is strictly decreasing,
it suffices to verify that W: (C(P),C) — (R™, <) is strictly increasing.

Let C, C" be Scott-closed sets such that C is strictly included in C’. Then W (C') <
W(C"). We show by way of contradiction that W(C') < W(C"). Indeed, if W(C) =
W (C") then for any base element a,, we obtain: a, € Cl < a, € C'] from the fact
that Vn.w(a,) > 0.

Hence C| NB = C' NB. If x is an element of C” then, since P is a domain,
we have that x = LUB,. Since x € C’ and " is downwardly closed, B, C C’. Hence
B, C C and thus z € C. So we obtain C’ C C' which is a contradiction. Hence W’ is
a strictly decreasing join co-valuation.

We verify that W is a left order quasi-unimorphism. W': (C(P),Ug) — (R*, dy)
is strictly increasing since W': (C(P),C) — (R", <) is strictly decreasing. So it re-
mains to be verified that:

1) Ve VC,C" € C(P).C >pe C" = (Dg(C,C") <6 = dy(W'(C), W' (C")) < e).
2) VeIOVC,C" € C(P).C >pe C" = (i (W'(C), W'(C")) < 0 = Dg(C,C") <e).
We remark that for any two Scott-closed sets C, C’" with C' D C’, we have:

(W' C),W'(C) = >  wla).

anECU—C'U

In order to prove the result, we can assume that the basis B is infinite. Indeed, in
case B is finite, it is easy to verify that for C’ C C'in 1), requiring that Dg(C, C") < 6,
and for C" C C' in 2), requiring that d;(W'(C), W'(C")) < 6, for ¢ sufficiently small,
implies that C' = C” and hence 1) and 2) are satisfied.

We assume in what follows that B is infinite.
To show 1), assume that € > 0 is given, C' and C” are Scott-closed sets such that
C DO C" and d3(C,C") < 0.

If N is the largest natural number such that 35 < 6 then Vn < N.(Cl)[n] = (C'|
)[n]. Thus:

d(W'(C),W'(C")) = Z w(a,) = Z w(ay,).

an€CY-C"Y aneCl—C’y and n>N
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Finally, since B is infinite and the series Y, w(a,) converges, we can choose &
small enough and hence N large enough such that 3,5y w(a,) < € and thus:

d(W'(C),W'(C") < Y w(a,) <e

n>N

To show 2), we assume that € > 0 is given, C' and C" are Scott-closed sets such that
C 2 C"and di(W'(C),W'(C")) < 6. Let Ny be the largest number such that 5x < e.
We will show that d3(C,C") < NLO for sufficiently small value of §. l.e. we need to
verify that Vn < Ny. (C{)[n] = (C")[n]. Let wg = min{w(a;)| a; € (CY)[No]}.

Pick 6 < wy. Then d;(W'(C),W'(C")) <6 = X, ccp-cypw(an) < wy = Va; €
(C4)[No]. a; §Z Cy —C'= Va; € (C)[No].a; € C" = (CY)[No] = (C")[No] =
d3(C,C") < 35

So W’ is a Q-join co-valuation on the quasi-uniform lattice (C(P),Upe).

Hence by (the proof of) Theorem 13, we obtain that Up. is induced by the
weighted quasi-metric Dy defined by:

Dy (C,C") = W'(C") = W(CUC).

We remark that
Dw:(C,C") = > wlay,).
aneCy—C"l)

Since U pg = Up,,,, we obtain that the restrictions of these quasi-uniformities to
the product P| X P| coincide.

We now consider the weighted quasi-metric dy, defined on P by: dy(z,y) =
Dy (x|, yl).

We recall that the Smyth quasi-metric dg coincides with the distance dg, i.e. the
restriction of the quasi-metric D§ to the product P| xP|.

Hence we obtain a (trivial) quasi-unimorphism i: (X,Uqs) = (X|,Uag ), which
maps x to x|. Similarly, we obtain a quasi-unimorphism iy: (X,Ug ,) = (X|,Ua,,),

where
dy (z,y) = Z w(ay).
an€xd—yl

Since the restrictions of Upe and Up,,, to the product P| xP | coincide, we
obtain, via the quasi-unimorphisms 4; and iy, that U, and U, , coincide. Since the
Smyth quasi-metric dg generates the Scott topology on the domain P, we obtain in
particular that Uy , induces the Scott topology and that its associated order is the
domain order. So it suffices to chose d* = d,,.

Finally, we show that w-algebraic dcpo’s (P,C) can be quantified as a weighted
quasi-metric space (P,d), where d(x,y) = >, ¢z, w(a,) and where the associated
metric d* induces the Lawson topology.

For the case of w-algebraic depo’s (P, C), one can easily verify that the above proof
simplifies since one does not need to refer to the way below relation. In particular,
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one can define W on C(P) as follows: W (C) = X, ccw(a,). It is easy to verify
that this function is a strictly increasing valuation. Once can then show that W' is a
Q-co-valuation and apply Theorem 17 (rather than Theorem 13) in order to obtain
a bi-weightable invariant quasi-metric. Finally, via a restriction to P| xP |, one
obtains that (P, C) is quantifiable via the weighted quasi-metric d*, where d*(z,y) =
Zane -yl w(an)

The proof that d* induces the Lawson topology is a straightforward generalization
of the one given in [O’N98], so we only provide a sketch. First, remark that for quasi-
metric spaces (X,d) in general Tfl C T 4-1, where T Z is the co-compact topology.
Hence the Lawson topology is included in the associated metric topology. So it suffices
to verify for the quantified domain (P, d,,) that B¥[z] = {y|d*(z,y) < €} is Lawson-
open for every € > 0 and for every x € P. Pick N such that QLN = D >N+l 2% < €
and let § = 5. Consider the set A = {a,|a, Z 2,1 < n < N} and let Bsz] =
{y| dw(z,y) < 6} and O = Bs[z] N (Mg, ca(P — a,T)). Then O is Lawson-open since
Bs|x] is Scott-open. We show O C Bf[z|. Consider y € O. Then, by definition of O,
dy(z,y) < 0 < e. Finally, note that d,(y,z) = X, ey -z w(an). If a, € y| —x] then
an C y but a, Z z and thus n > N. Hence dy(y,2) < Ysni1 57 <€

|

The case of w-continuous domains which are not w-algebraic

We remark that the quantifiability for general domains cannot be obtained via an
argument on the Smyth-quasi-metric dg defined via the partial order domain relation
C, ie. ds(z,y) = inf{55|Vi < n.a; T z = a; C y}, nor from the weighted quasi-
metric d*(z,y) = Y4, ca—y W(an), since neither distance induces the Scott topology in
general. Consider for instance the w-continuous lattice [0, 1] with as basis the dyadic
rationals in [0,1). Let the basis be enumerated by: a; = 0,as = %,a;; = i,a4 =
3 as = 5,06 = 5,... Then the set {y|ds(3,y) < 3} = [3.1] = {y[d“(5,y) < I} is
dgs-open and d“-open, but not Scott open. Hence the argument for the quantifiability
of w-continuous domains reported in [O'N98], based on d*(z,y) = X, ca—y W(an),
only holds for the w-algebraic case.

Definition 28 Given a domain (P, C) with countable base B. A functionw: B — R™*
which has finite sum over B is called a basic valuation. The valuation

W(C) = > wlay)
aneC
18 called the valuation generated by w and the weighted quasi-metric
dw(x7 y) - Z ’U)((ln)
an€zl—yl
1s called the quasi-metric generated by w. The corresponding partial metric

p¥(z,y) = Z w(an)

ang 2Nyl
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15 called the partial metric generated by w.
For any domain (P,C), we refer to the partial metric space (P,p") as a quantifi-
cation of the domain.

We obtain the following immediate corollary of Proposition 27.

Corollary 29 Quantifications (P,p“*) and (P,p"“?) of a domain (P,C) are equiva-
lent, i.e. the quasi-metrics d** and d“? generate the same quasi-uniformity.

Corollary 30 For w-algebraic depo’s P the following holds: P is 2/3 SFP iff any of
its quantifications (P, p") is compact.

Proof: We remark that for w-algebraic dcpo’s the associated metric induces the
Lawson topology and 2/3 SFP w-algebraic dpo’s have a compact Lawson topology.
Hence the result follows.
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