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Abstract

In [Sch00] a bijection has been established, for the case of semi-
lattices, between invariant partial metrics and semivaluations. Semi-
valuations are a natural generalization of valuations on lattices to the
context of semilattices and arise in many different contexts in Quanti-
tative Domain Theory ([Sch00]). Examples of well known spaces which
are semivaluation spaces are the Baire quasi-metric spaces of [Mat95],
the complexity spaces of [Sch95] and the interval domain ([EEP97]).
In [Sch00a], we have shown that the totally bounded Scott domains
of [Smy91] can also be represented as semivaluation spaces.

In this extended abstract we explore the notion of a semivaluation
space in the context of semigroups. This extension is a natural one,
since for each of the above results, an invariant partial metric is in-
volved. The notion of invariance has been well studied for semigroups
as well (e.g. [Ko82]).

As a further motivation, we discuss three Computer Science ex-
amples of semigroups, given by the domain of words ([Smy91]), the
complexity spaces ([Sch95],[RS99]) and the interval domain ([EEP97]).

An extension of the correspondence theorem of [Sch00] to the con-
text of semigroups is obtained.

∗The first-listed author acknowledges the support of the Spanish Ministry of Science
and Technology, grant BFM2000-1111.
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1 Background

A function d:X ×X → R+
0 is a quasi-pseudo-metric iff

1) ∀x ∈ X. d(x, x) = 0
2) ∀x, y, z ∈ X. d(x, y) + d(y, z) ≥ d(x, z).

A quasi-pseudo-metric space is a pair (X, d) consisting of a set X together
with a quasi-pseudo-metric d on X.

The topology induced in a natural way by the quasi-pseudo-metric d is
denoted by T (d).

In case a quasi-pseudo-metric space is required to satisfy the T0-separation
axiom, we refer to such a space as a quasi-metric space.

In that case, condition 1) and the T0-separation axiom can be replaced
by the following condition:

1′) ∀x, y. d(x, y) = d(y, x) = 0⇔ x = y.

The associated partial order ≤d of a quasi-metric d is defined by x ≤d y
iff d(x, y) = 0.

A quasi-pseudo-metric space is T0 iff the associated order of the space is
a partial order (e.g. [FL82]). We will work under the assumption that all
spaces satisfy the T0 separation axiom; that is we will solely refer to quasi-
metric spaces in the following.

The conjugate d−1 of a quasi-metric d is defined to be the function
d−1(x, y) = d(y, x), which is again a quasi-metric (e.g. [FL82]). The conju-
gate of a quasi-metric space (X, d) is the quasi-metric space (X, d−1). The
metric d∗ induced by a quasi-metric d is defined by d∗(x, y) = max{d(x, y), d(y, x)}.

A function f from a quasi-metric space (X, d) to a quasi-metric space
(X ′, d′) is quasi-uniformly continuous iff ∀ε > 0∃δ > 0∀x, y ∈ X. d(x, y) <
δ ⇒ d′(f(x), f(y)) < ε.

We discuss a few examples of quasi-metric spaces.

The function dR:R2 → R+
0 , defined by dR(x, y) = y − x when x < y and

dR(x, y) = 0 otherwise, and its conjugate are quasi-metrics. We refer to dR as
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the “left distance” and to its conjugate as the “right distance”. These quasi-
metrics correspond to the nonsymmetric versions of the standard metric m
on the reals, where ∀x, y ∈ R.m(x, y) = |x− y|.

Note that the right distance has the usual order on the reals as associated
order, that is ∀x, y ∈ R. x ≤d−1

R
y ⇔ x ≤ y, while for the left distance we

have ∀x, y ∈ R. x ≤dR y ⇔ x ≥ y.
The function dc: (R − {0})2 →R+

0 , defined by dc(x, y) = 1
y
− 1

x
when

y < x and 0 otherwise, and its conjugate are quasi-metrics.
The complexity space (C, dC) has been introduced in [Sch95] (cf. also

[Sch96] and [RS99]. Here

C = {f :ω → R+|
∞∑
n=0

2−n
1

f(n)
< +∞}

and dC is the quasi-metric on C defined by

dC(f, g) =
∞∑
n=0

2−n[(
1

g(n)
− 1

f(n)
) ∨ 0]

whenever f, g ∈ C. The complexity space (C, dC) is a quasi-metric space
with a maximum >, which is the function with constant value ∞.

The dual complexity space is introduced in [RS99] as a pair (C∗, dC∗),
where C∗ = {f : ω → R+

0 |
∑∞

n=0 2−nf(n) < +∞}, and dC∗ is the quasi-
metric defined on C∗ by dC∗(f, g) =

∑∞
n=0 2−n[(g(n) − f(n)) ∨ 0], whenever

f, g ∈ C∗. We recall that (C, dC) is isometric to (C∗, dC∗) by the isometry
Ψ : C∗ → C, defined by Ψ(f) = 1/f (see [RS99]). Via the analysis of its dual,
several quasi-metric properties of (C, dC), in particular Smyth completeness
and total boundedness, are studied in [RS99].

2 Semivaluations

We recall some basic facts on semivaluations from [Sch00].
We recall the definition of a valuation on a lattice (L,v).

A function f : L→ R+
0 is a valuation iff

(1) f is increasing.
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(2) ∀x, y ∈ L. f(x u y) + f(x t y) = f(x) + f(y).

In case the function f is decreasing and satisfies (2), we refer to f as a
co-valuation.

If f only satisfies (2) we say that f satisfies the modularity law, or also
that f is modular.

There does not seem to be a consistent terminology in the literature.
Valuations, also called evaluations, as used in computer science (e.g. [BS97]
or [Jon89]) typically satisfy (1) and (2) above. In the classical mathematical
literature a valuation only needs to satisfy (2) (e.g. [Bir84]).

It is convenient for matters of presentation to reserve the definition given
above for a valuation in order to state results on connections between partial
metrics and valuations as they occur in Computer Science.

Finally, a (co)valuation f on a (semi)lattice (L,v) is called strictly in-
creasing (strictly decreasing) if ∀x, y ∈ L. x @ y ⇒ f(x) < f(y) (f(x) >
f(y)).

If (X,�) is a meet semilattice then a function f : (X,�)→ R+
0 is a meet

valuation iff

∀x, y, z ∈ X. f(x u z) ≥ f(x u y) + f(y u z)− f(y)

and f is meet co-valuation iff

∀x, y, z ∈ X. f(x u z) ≤ f(x u y) + f(y u z)− f(y).

If (X,�) is a join semilattice then a function f : (X,�) → R+
0 is a join

valuation iff

∀x, y, z ∈ X. f(x t z) ≤ f(x t y) + f(y t z)− f(y)

and f is join co-valuation iff

∀x, y, z ∈ X. f(x t z) ≥ f(x t y) + f(y t z)− f(y).

A function is a semivaluation if it is either a join valuation or a meet
valuation. A join (meet) valuation space is a join (meet) semilattice equipped
with a join (meet) valuation. A semivaluation space is a semilattice equipped
with a semivaluation.

Lemma 1 Semivaluations are increasing.
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Proposition 2 Let L be a lattice.
1) A function f : L → R+

0 is a join valuation if and only if it is increasing
and satisfies join-modularity, i.e.:

f(x t z) + f(x u z) ≤ f(x) + f(z).

2) A function f : L→ R+
0 is a meet valuation if and only if it is increasing

and satisfies meet-modularity, i.e.

f(x t z) + f(x u z) ≥ f(x) + f(z).

Corollary 3 A function on a lattice is a valuation iff it is a join valuation
and a meet valuation. A function on a lattice is a co-valuation iff it is a join
co-valuation and a meet co-valuation. �

With slight abuse of terminology, we will refer to quasi-metric spaces
for which the associated order is a semilattice, simply as semilattices, and a
similar convention holds for the case of lattices.

The terminology of quasi-metric (semi)lattice is reserved for quasi-metric
spaces which are (semi)lattices for which the operations are quasi-uniformly
continuous. This is in accordance with the terminology used for the theory
of uniform lattices (e.g. [Web91] and [Web93]).

A join semilattice (X, d) is invariant iff ∀x, y, z ∈ X. d(x t z, y t z) ≤
d(x, y). In that case we also write that the quasi-metric d is invariant. The
notions of an invariant meet semilattice and of an invariant lattice are de-
fined in the obvious way. One can easily verify that invariant join semilattices
are quasi-metric join semilattices and that similar results hold for the case
of invariant meet semilattices and for invariant lattices.

It is convenient to present the following alternative characterization of
invariance ([Sch00]).

Lemma 4 A join semilattice (X, d) is invariant iff ∀x, y ∈ X. d(x t y, y) =
d(x, y). A meet semilattice (X, d) is invariant iff ∀x, y ∈ X. d(x, x u y) =
d(x, y).

3 Weightable quasi-metric semigroups

A quasi-metric space (X, d) is weightable iff there exists a function w:X →
R+

0 such that ∀x, y ∈ X. d(x, y) + w(x) = d(y, x) + w(y). The function w is
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called a weighting function, w(x) is the weight of x and the quasi-metric d
is weightable by the function w. A weighted space is a triple (X, d, w) where
(X, d) is a quasi-metric space weightable by the function w.

We recall that the weighting functions of a weightable space are deter-
mined by a unique fading weighting ([Sch00], cf. also [KV94]).

A function f :X → R+
0 is fading iff infx∈X f(x) = 0.

Definition 5 A weighted quasi-metric space is of fading weight iff its weight-
ing function is fading.

Proposition 6 The weighting functions of a weightable quasi-metric space
are strictly decreasing. The weighting functions are exactly the functions
f + c, where c ≥ 0 and where f is the unique fading weighting of the space.

A quasi-metric semigroup is a triple (X, d, ?) such that (X, d) is a quasi-
metric space and (X, ?) is a semigroup such that d is ?-invariant, i.e. for all
x, y, z ∈ X :

d(x ? z, y ? z) ≤ d(x, y) and d(z ? x, z ? y) ≤ d(x, y).

Remark 7 It immediately follows from the above definition that if (X, d, ?)
is a quasi-metric semigroup, then (X,≤d, ?) is an ordered semigroup and
(X, T (d), ?) is a topological semigroup.

A weightable quasi-metric semigroup is a quasi-metric semigroup (X, d, ?)
such that d is a weightable quasi-metric on X.

A weightable invariant meet semigroup is a weightable quasi-metric semi-
group (X, d, ?) such that (X, d) is an invariant meet semilattice.

We remark that a quasi-metric d on a semigroup (X, ?) is ?-invariant if
and only the following inequality is satisfied (see also [Ko82]):

(1) d(a ? b, c ? d) ≤ d(a, c) + d(b, d).

This follows since: d(a ? b, c ? d) ≤ d(a ? b, c ? b) + d(c ? b, c ? d) ≤
d(a, c) + d(b, d), where the last inequality follows by ?-invariance. The con-
verse is obvious.
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In particular, we observe that if (X, d) is an invariant meet semilattice,
then for each a, b, x, y ∈ X, we have

d(a u b, x u y) ≤ d(a u b, x u b) + d(x u b, x u y) ≤ d(a, x) + d(b, y).

Since on a meet semilattice (X,v), the operation u is associative, it
follows from the above observation that for each invariant meet semilattice
(X, d), the triple (X, d,u) is obviously a quasi-metric semigroup, and hence,
it is a weightable invariant meet semigroup whenever the quasi-metric d is
weightable.

The fact that each invariant semilattice gives rise to a quasi-metric semi-
group indicates that it is natural to consider extensions of this structure with
other semigroup operations.

Indeed, not all semilattices occuring in the literature simply are semi-
groups with respect to their associated semilattice operation. One example
is the complexity space, which when equipped with the natural pointwise
addition operation yields a quasi-metric semigroup with respect to this op-
eration as well as with respect to its lattice operations (Example 1 below).

We also explore extending the domain of words (or “streams”, cf. [O’N97])
with an operation of addition. We show that a natural operation can be de-
fined on this domain, which on undefined elements yields undefined and for
which the domain of words forms a quasi-metric semigroup.

Our interest lies in modeling both the domain of words and the complex-
ity space as weightable invariant meet semigroups in such a way that the
semigroup operation naturally given to the corresponding “support” set (the
“alphabet” respectively and the interval (0,∞], respectively) extend to the
space.

We also discuss the example of the interval domain, which provides an-
other example of a quasi-metric semigroup.

Example 1 Let Σ be a nonempty alphabet. Let Σ∞ be the set of all finite
and infinite sequences (“words”) over Σ, where we adopt the convention that
the empty sequence φ is an element of Σ∞.

Denote by v the prefix order on Σ∞, i.e. x v y ⇔ x is a prefix of y.
Then (Σ∞,v) is an algebraic complete partial order which is a Scott

domain if Σ is countable (see [Smy91] Example 2.2).
Now, if for each x, y ∈ Σ∞ we define x u y as the longest common prefix

of x and y.
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Now, for each x ∈ Σ∞ denote by `(x) the length of x. Then `(x) ∈ [1, ω]
whenever x 6= φ and `(φ) = 0. For each x, y ∈ Σ∞ define `(x, y) = `(x u y).

Thus, the function d defined on Σ∞ × Σ∞ by

d(x, y) = 2−`(x,y) − 2−`(x)

is a quasi-metric on Σ∞ and (Σ∞, d) is a weightable quasi-metric space by
the (fading) weighting function w defined on Σ∞ by w(x) = 2−`(x) for all
x ∈ Σ∞ (see [Kün93] Example 8). (We adopt the convention that 2−ω = 0.)

Furthermore, the associated order ≤d of d coincides with the prefix order
v on Σ∞.

(Σ∞, d) is clearly a meet semilattice. Since for each x, y ∈ Σ∞ we have
d(x, x u y) = d(x, y), it follows from Lemma 4 that (Σ∞, d) is invariant.

Now suppose that there exists an operation + on Σ for which (Σ,+) is
an (Abelian) semigroup.

We shall prove that, then, Σ∞ can be endowed with the structure of an
(Abelian) semigroup (Σ∞,⊕) such that d is ⊕-invariant and thus (Σ∞, d,⊕)
is a weightable invariant meet semigroup.

For each x, y ∈ Σ∞ \ φ, we define x ⊕ y as the element of Σ∞ of length
`(x ⊕ y) = min{`(x), `(y)} such that for each k ≤ `(x ⊕ y), (x ⊕ y)(k) =
x(k) + y(k).

It is straightforward to show that for each x, y, z ∈ Σ∞, (x ⊕ y) ⊕ z =
x⊕ (y ⊕ z), and that x⊕ y = y ⊕ x if (Σ,+) is an Abelian semigroup.

Therefore, (Σ∞,⊕) is an (Abelian) semigroup.
Next we prove that the quasi-metric d is ⊕-invariant.
Let x, y, z ∈ Σ∞. If `(z) ≤ `(x, y), then x⊕z = y⊕z, whence d(x⊕z, y⊕

z) = 0 ≤ d(x, y). If `(z) > `(x, y), then `(x ⊕ z, y ⊕ z) ≥ `(x, y). Together
with `(x⊕ z) ≤ `(x), this implies d(x⊕ z, y ⊕ z) = 2−`(x⊕z,y⊕z) − 2−`(x⊕z) ≤
2−`(x,y)− 2−`(x) = d(x, y). The proof of d(z⊕x, z⊕ y) ≤ d(x, y) is analogous.

We conclude that d is ⊕-invariant and, consequently, (Σ∞, d,⊕) is a
weightable invariant meet semigroup.

The empty sequence is of course not a neutral element for the addition
but rather an element of absorption. Indeed, from the definition of ⊕ it fol-
lows that x⊕ φ = φ = φ⊕ x.

One can motivate the summation as follows. If we interprete a finite list
as an infinite list of which only finitely many elements are defined, then the
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sum makes sense: adding a defined value to an undefined one should give
undefined.

We can not simply choose φ as neutral element in our context as shown
by the following counter example:

Choose Σ to be the set of integers Z with the ordinary addition. Let [a]
denote the sequence with length 1 and with a as its only element. If φ were
the neutral element of ⊕ then d([1] ⊕ φ, [1] ⊕ [1]) would be d([1], [2]) and d
would not be ⊕ invariant.

Example 2 As a second example of a weightable invariant join semigroup,
we mention the complexity space of [Sch95] (cf. also [RS99], [RS98] and
[RS98a]). We leave the verifications to the reader.

Example 3 The interval domain (I(R), p) consisting of the closed intervals
of the reals, ordered by reverse inclusion and equipped with the partial metric
p (see [O’N98] and [Hec96]) defined by:

p([a, b], [c, d]) = max{b, d} −min{a, c}.

One can easily verify that the associated weighted quasi-metric space
(I(R), dp) is a quasi-metric meet semilattice, where the meet is defined as
follows: [a, b] u [c, d] = [min{a, c},max{b, d}].

Hence we obtain an example of a weightable invariant quasi-metric meet
semigroup.

In the following we focus on weightable invariant (quasi-metric) meet
semigroups. The results generalize in a straightforward way to weightable
invariant (quasi-metric) join semigroups.

In the sequel by an ordered meet semigroup we mean an ordered semi-
group (X,v, ?) such that (X,v) is a meet semilattice.

For a nonnegative real valued function f on an ordered meet semigroup
(X,v, ?) consider the following condition

(∗) f(a ? b u x ? y)− f(a ? b) ≤ f(a u x) + f(b u y)− f(a)− f(b).

If f : (X,v, ?) → R+
0 is a function on (X,v, ?) which is a meet semi-

group and f is a fading strictly decreasing meet co-valuation satisfying (∗)
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then (X,v, ?) is an ordered meet semigroup.

Indeed, note that if a ≤ x and b ≤ y then f(au x) = f(a) and f(bu y) =
f(b), whence by (*) f((a∗b)u(x∗y))−f(a∗b) = 0. Since (a∗b)u(x∗y)) ≤ a∗b
and f is strictly decreasing, (a∗b)u(x∗y) = a∗b follows and thus a∗b ≤ x∗y.

The following theorem extends Theorem 11 of [Sch00] to the context of
quasi-metric semigroups. As such, the first part of the theorem repeats The-
orem 11 of [Sch00], while the second part discusses quasi-metric semigroups.
For the sake of completeness we provide the entire proof for the theorem.

Theorem 8 For every meet semilattice (X,�), there exists a bijection be-
tween invariant co-weighted quasi-metrics d on X with ≤d=� and fading
strictly increasing meet valuations f : (X,�) → (R+

0 ,≤). The map f 7→ df
is defined by df (x, y) = f(x) − f(x u y). The inverse is the function which
to each weighted space (X, d) associates its unique fading co-weighting. Sim-
ilarly, one can show that for every meet semilattice (X,�), there exists a
bijection between invariant weighted quasi-metrics d on X with ≤d=� and
fading strictly decreasing meet valuations f : (X,�) → (R+

0 ,≤). The map
f 7→ df is defined by df (x, y) = f(x u y)− f(x). The inverse is the function
which to each weighted space (X, d) associates its unique fading weighting.
Moreover, on a meet semigroup (X,�, ?), the corresponding d and f described
above, interact with ? as follows: (X, d, ?) is a quasi-metric semigroup ⇔ f
satisfies property (∗).

Proof. Let f : (X,�, ?) → R+
0 be a function on (X,�, ?) which is a

meet semigroup and let f be a fading strictly decreasing meet co-valuation
satisfying (∗). Then (X,�, ?) is an ordered meet semigroup such that f
is a fading strictly decreasing meet co-valuation on (X,�, ?) satisfying (∗).
Define the function df on X ×X by

df (x, y) = f(x u y)− f(x)

for all x, y ∈ X.
We first show that df is a quasi-metric on X :
Indeed, since f is decreasing, df (x, y) ≥ 0 for all x, y ∈ X. On the other

hand, if d(x, y) = d(y, x) = 0, then f(x u y) = f(x) = f(y) = 0. Since f
is strictly decreasing, we deduce that x u y = x = y. Next we show that
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df satisfies the triangle inequality. Let x, y, z ∈ X. Since f is a meet co-
valuation,

f(x u z)− f(x) ≤ f(x u y)− f(x) + f(y u z)− f(y)

so,
df (x, z) ≤ df (x, y) + df (y, z).

We have shown that df is a quasi-metric on X.
Moreover, f is a weighting for df since for each x, y ∈ X :

df (x, y) + f(x) = f(x u y) = df (y, x) + f(y).

Next we show that the order ≤df coincides with �. Indeed, for x, y ∈ X,
one has:

x ≤d y ⇔ df (x, y) = 0⇔ f(x u y) = f(x)⇔ x u y = x⇔ x � y.

Hence (X, df ) is a (quasi-metric) meet semilattice. On the other hand,
for x, y ∈ X :

df (x, x u y) = f(x u (x u y))− f(x) = f(x u y)− f(x) = df (x, y).

So, by Lemma 4, (X, df ) is invariant. Therefore, (X, df ) is an invariant meet
semilattice. It remains to show that (X, d, ?) is a quasi-metric semigroup.
Indeed, let a, b, x, y ∈ X. By condition (∗),

d(a ? b, x ? y) = f(a ? b u x ? y)− f(a ? b) ≤
f(a u x) + f(b u y)− f(a)− f(b) = d(a, x) + d(b, y).

We conclude that (X, df , ?) is a quasi-metric semigroup.
Conversely, let (X, d, ?) be a weightable invariant meet semigroup. By

Proposition 6, (X, d) has a unique fading weighting function w. We shall
show that w is a strictly decreasing meet co-valuation for (X,≤d, ?) satisfy-
ing condition (∗) (recall that, by assumption, (X,≤d, ?) is an ordered meet
semigroup).

Suppose x <d y. Then d(x, y) = 0 and d(y, x) > 0. Since d(x, y) +w(x) =
d(y, x) + w(y), we deduce that w(x) > w(y). So, w is strictly decreasing.

Next we show that w is a meet co-valuation. Indeed, let x, y, z ∈ X.
Then

w(y u z)− w(x u z) = d(x u z, y u z)− d(y u z, x u z)

≥ d(x u z, y u z)− d(y, x)
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Since,

d(y, x) + w(y) = d(y, x u y) + w(y)

= d(x u y, y) + w(x u y) = w(x u y)

we deduce that

w(y u z)− w(x u z) ≥ d(x u z, y u z) + w(y)− w(x u y)

≥ w(y)− w(x u y).

Now we show that w satisfies (∗). Indeed, let a, b, x, y ∈ X. Then

w((a ? b) u (x ? y))− w(a ? b)

= d(a ? b, (a ? b) u (x ? y))− d((a ? b) u (x ? y), a ? b)

= d(a ? b, x ? y)

≤ d((a, x) + d(b, y)

= d(a, a u x) + d(b, b u y)

= w(a u x)− w(a) + w(b u y)− w(b).

Here we used inequality (1) in deducing the inequality.

Finally, we need to verify that the correspondence obtained above is a
bijection, i.e. that the maps f → df and d→ fd are inverse to each other.

a) To verify that dfd = d, we remark that d(x, y) = d(x t y, y) = fd(y) −
fd(x t y) = dfd(x, y), where the last equality is the definition of dfd and the
rest was already shown in the second part of the above proof.

b) To verify that fdf = f , we remark that by the first part of the above proof,
f is a weighting of df . By the uniqueness of fading weightings, f = fdf .

�
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