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Abstract. We present a way of integrating machine learning capabilities
in constraint reasoning systems by the use of partially defined constraints
called Open Constraints. This enables a form of constraint reasoning with
incomplete information: we use a machine learning algorithm to guess the
missing part of the constraint and we put immediately this knowledge
into the operational form of a solver. This approaches extends the field
of applicability of constraint reasoning to problems which are difficult
to model using classical constraints, and also potentially improves the
efficiency of dynamic constraint solving. We illustrate our framework on
online constraint solving applications which range from mobile comput-
ing to robotics.

1 Introduction

In the classical CSP framework, a constraint is a relation, a CSP is a conjunction
of constraints and a solution is an element of the relation defined by the con-
junction. The usefulness and the difficulty of this problem has deserved the huge
amount of work which has been and remains to be done. But many problems do
not perfectly fit in this framework and have been the origin of many extensions.
Among them is the necessity to admit that a problem is not always perfectly
defined. Some parts may be unknown for several good reasons: lack of informa-
tion, incompleteness of human knowledge, no sufficient experience, uncertainty,
belief, . . . Also some part may change according to the environment, actions of
external agents or movement in a mobile system.

One possibility is to accept belief revision when faced with a new piece of
information. The most studied problem in this field is the one of constraint
retraction in dynamic CSPs [8, 20] where one constraint can be deleted from the
CSP. This gives more freedom to the problem but may invalidate the current
computation state. Depending on the problem, the system may recompute a
suitable consistent state or maintain solutions to be able to react to further
modifications.

In this paper, we tackle a different way of dealing with incomplete informa-
tion: we leave the possibility for a constraint to be partially defined. Clearly,
this contradicts the Closed World Assumption made in the usual definition of



a constraint where what is not stated as true is mandatorily false. An Open
Constraint is composed of two disjoint parts: one is positive and contains the
tuples for which we are certain that they are true, and the other is negative and
contains the tuples for which we are certain that they are false. Other tuples are
simply unknown.

Since an open constraint actually represents a hidden reality, there is many
ways to classify unknown tuples. But, if the well-defined part is sufficient, there
is a chance that an automatic algorithm can detect regularities which can help
to reconstitute the hidden constraint. We argue that this definition allows to
integrate Machine Learning [17] or data-mining capabilities inside constraint
reasoning. Among possible uses, we can cite the possibility of building reasoning
systems from incomplete knowledge, predicting changes in dynamic constraint
solving, self-improving constraint system, intelligent constraint reasoning mod-
ules in multi-agent systems or web-based distributed reasoning systems.

In section 2, we present the basics of open constraints. Section 3 proposes a
general framework for open constraint solver construction and two methods for
building solvers for open constraints. But let first start by a motivating example.

A smart agenda for PDAs
Let us introduce the usefulness of open constraints on a mobile computing ap-
plication. In organizations in which different peoples collaborate, meetings can
be planned in a non-hierarchical way by any member of the group according to
the needs. The process is easy when people are at voice distance or in a central-
ized setting (groupware) but becomes tricky when the information is distributed
on nomadic applications, for example hosted in PDAs. Then, many information
exchanges (synchronizations) are needed in order to get a consistent solution
since only couples of PDAs are able to synchronize. Moreover, synchronization
is costly since the PDAs are supposed to be close to each other and people in
the same room at the same time. For privacy reasons, we suppose that PDAs do
not exchange information about third parties when synchronizing.
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Fig. 1. Constraints in Arno’s PDA before synchronization.



Let us consider a group of four persons: Arno, Andrëı, Eric and Ali, each one
holding a digital assistant. One day, Arno decides to organize a meeting with
the three others on monday. Every PDA holds a representation for the other’s
schedule. Since the PDAs are not synchronized, Arno holds no constraint for the
other’s schedules (see figure 1). If a schedule for monday morning is represented
by a constraint schedule(hour,affected), it is equivalent to have a constraint
with all tuples allowed, i.e. {(8, 0), (8, 1), (9, 0), (9, 1), . . .}. In other words, we do
not know if an hour is affected or not. At the beginning, all known tuples for
the constraints come from the past weeks. The current week tuples are not yet
in the constraint database since no synchronization has occured. A closed-world
Constraint Programming system would propose 9:00 for the starting time of the
meeting by finding the first available solution.
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Fig. 2. Constraints after synchronization with Andrëı, Eric and Ali.

When synchronizing with Andrëı, Eric and Ali, conflicts will possibly ap-
pear, like for example thoses of figure 2 where actual schedules are described. A
conflict yields a solver’s revision and the need for re-synchronizing with previ-
ously synchronized PDAs. A possible scenario for this tentative meeting is the
following:

Synchronization First solution found

no 9:00

Arno - Andrëı 10:00

Arno - Eric 12:00

Arno - Ali 13:00

Arno - Andrëı 13:00

Arno - Eric 13:00

Five synchronizations and three revisions are needed in order to get a globally
consistent schedule. For n peoples, if downloaded schedules remain stable until
the meeting hour is eventually discovered, it needs up to 2n synchronizations for
a single meeting. In a real-life situation, the n peoples may initiate their own
meeting and change their timetable unexpectedly, thus increasing the whole
number of synchronizations.
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Fig. 3. Extension of Andrëı’s constraint as guessed by Arno’s PDA.

But it is commonsense knowedge that other people’s schedules are not empty
but simply unknown. In order to improve this mechanism, let us consider the
unknown schedules as open constraints. Our purpose is to find a suitable exten-
sion (guess of the missing tuples) which can be more informative than using the
closed-world assumption. Over time, we do have informations about the habits
of people we work with, as it goes in real life. A very simple extension of the
unknown constraints may be found by reproducing the schedule of the last week,
or by a simple analysis of recent past. In figure 3 is represented Andrëı’s schedule
for the last two monday mornings. Here, for simplicity, the extension is built by
carrying forward the events which occured in the two previous weeks. By doing
the same with Eric and Ali’s constraint, few or no revisions may appear. This
clearly improves the system with respect to its most critical part, synchroniza-
tion.

2 Open Constraints

Modeling a problem with constraints involves three different levels:

– The model which consists in constraints definitions. Usually the user is pro-
vided a constraint language in which each constraint is a building block
with its own precise definition. A model is built by putting together the
constraints in order to describe the problem. Sometimes, some constraints
(for example compatibility constraints in frequency allocation or in config-
uration problems) which are impossible to describe in the language or have
a clumsy formulation are given by a table. Theses constraints usually affect
the performances of the resolution.

– The solver which is the definition of how the constraints react to events
caused by search or other constraints and propagate information across the
network. Following [3], we describe a solver by a set of operators whose
chaotic iteration enforce a given consistency1. Many solvers implement only

1 There are many other algorithms for solving CSP (see [9]) but the chaotic iterations
framework allows to easily define an individual solver for a constraint.



the set of built-in constraints but some of them propose a language to express
propagators for user-defined constraints. Among them, two languages have
received a great attention: Indexicals [19] and Constraint Handling Rules (or
CHRs) [12].

– The computation state which describes the current state of variable domains.
Some states for which propagation is exhausted are said consistent and are
starting points for the search mechanism.

Let V be a set of variables and D = (DX)X∈V their (finite) domains. For W ⊆ V ,
we denote by DW the set of tuples on W , namely ΠX∈W DX . For A ⊆ DW , A

denotes its complementary in DW .
A constraint c can be defined as a couple c = (W, T ) where W = var(c) ⊆ V

is its arity and T = sol(c) ⊆ DW is its solution. A constraint is supposed to
be fully known by completing its definition with the so-called Closed World
Assumption (or CWA) stating that what is not explicitely declared as true is
false. Hence the complementary T is the set of tuples which do not belong to
c. Alternatively, a constraint can be described by giving its forbidden tuples,
with the same meaning. In the following, we call ordinary constraints under
CWA closed or classical constraints. When dealing with incomplete information,
it may happen that some parts of the constraint are unknown. We call such a
partially defined constraint an open constraint:

Definition 1 (Open constraint).
An open constraint is a triple c = (W, c+, c−) where c+ ⊆ DW , c− ⊆ DW and

c+ ∩ c− = ∅.
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Fig. 4. An open constraint.

In an open constraint c = (W, c+, c−), c+ represents the tuples which are cer-
tainly allowed and c− the ones which are certainly forbidden. The rest of the
tuples, i.e. c+ ∪ c− are simply unknown. An open constraint is depicted in fig-
ure 4 where the (green) dots labeled “+” represent tuples of c+, the (red) dots
labeled “-” represent tuples of c− and the (blue) dots labeled “?” represent
unknown tuples. We denote by OC the set of open constraints.



Remark 2. Note that a classical constraint c = (W, T ) is a particular open con-
straint for which the negative part is the complementary of the positive part.
Thus, in the following, the notation (W, T ) can be viewed as a shorthand for
(W, T, T ).

Example 3 (Examples of open constraints).

– a bank customer database includes a relation:
good customer(revenue,balance,#incident)

which defines what is a good customer. This constraint is not known in ex-
tension because it would need to define all the values for the fields. From one
hand, giving this definition could be cumbersome and error-prone. Moreover,
real customer databases include many more fields like professional activity,
number of cars owned . . . , making thus the whole relation intractable in
extension.

– in picture processing, recognition of a figure in a picture coming from a
camera can be seen as a high arity constraint (for example 100 × 100). For
example, the constraint circle(X1, . . . , X10000) can be used by a robot to
detect if the current picture contains a circle.

– time-series data are by definition incomplete since they keep growing over
time. They can be represented by an open constraint which can be used by
a planning system in order to decide actions guided by experience.

– logs obtained by monitoring a system may be analyzed in order to find some
patterns of interest like a probable attack.

Example 4 (Sales assistant).
Consider a robot sales assistant whose task is to give back change to customers.
We model its knowledge by a constraint which states how many coins of different
types have to be given to make a given sum, for example:

e/100 1 c| 5 c| 10 c| 25 c|
100 5 2 6 1

At the beginning, this constraint which models all different possibilities to give
change for a given sum is unknown (c = (W, ∅, ∅)) and the assistant has to
be supervised during a little training period before its first interactions with
customers.

An open constraint can be viewed as to represent a set of closed constraints
which are compatible with its positive and negative parts. Each of these con-
straint “extends” the partial definition given by the open constraint. We call
such a compatible closed constraint an extension of the open constraint:

Definition 5 (Extension).
Let c = (W, c+, c−) be an open constraint. A (classical) constraint c′ = (W, T )
is an extension of c if c+ ⊆ T and c− ⊆ T .

In general, many extension can be considered, and let us introduce three of them.
Among all possible extensions lies the real closed constraint which is associated
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Fig. 5. An open constraint and some of its extension.

to the real world problem. In most cases, the knowledge of this constraint is
impossible to get and all that can be done is computing an approximation of it.
Let c = (W, c+, c−) be an open constraint. We denote an extension of c by [c].

– Cautious extension: [c]c = (W, c−). All unknown tuples are assumed to be
true (figure 5b).

– Brave extension: [c]b = (W, c+). All unknown tuples are assumed to be false
(figure 5c).

– Algorithmic extension [c]A: let A : DW → {0, 1} be a tuple classification
algorithm such that t ∈ c+ ⇒ A(t) = 1 and t ∈ c− ⇒ A(t) = 0. Then
[c]A = (W, {t ∈ DW | A(t) = 1}) (figure 5d).

The algorithmic extension of an open constraint allows a great freedom be-
cause a machine learning algorithm can be used to classify the missing tuples.
We propose first to study the impact of the choice of the extension on the solver’s
behavior. Depending on the chosen extension, the solver will prune more or less
agressively the search space:

– Cautious extension: a solver generated according to this extension is cautious
in the sense that it will not prune the search space for any unknown tuple.

– Brave extension: a solver generated according to this extension will prune
the search space as soon as possible. Actually, it behaves exactly as for a
closed constraint for which all non-allowed tuples are disallowed.

– Algorithmic extension: this last kind of extension will be the ideal host for
a learning algorithm. Tuples from c+ and c− are respectively positive and
negative examples which are used to feed the learning algorithm. Note that
the two preceding extensions are particular cases of this one for constant
functions. The main challenge is to be able to generate the best possible
solver: the one which has a strong pruning power and is not subject to
many weakening revisions. As a learning task, there is no universal solution
for every problem and the user has to carefully choose and tune his/her
learning algorithm in order to obtain good results. For example, in figure
6 is depicted 2 possible extensions for the open constraint of figure 4. Note
that two unknown points are put in different classes in these two extensions
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Fig. 6. Two possible algorithmic extensions.

(they are colored in yellow for those who can print in colors, but are easy to
find otherwise).

3 Solvers for Open Constraints

In this section, we propose two techniques for building generalizing solvers from
an open constraint.

3.1 Overview of open constraint solver construction

The notion of solver we use in this paper comes directly from the framework of
chaotic iterations [3] applied to domain reduction. In this approach, a solver is
modeled by a set of reduction operators for each constraint. In order to model a
given consistency, these operators must have the following properties:

– monotonicity.
– contractance: they should reduce the domains.
– correction, meaning that no solution tuple could be rejected at any time

anywhere in the search space.
– singleton completeness, meaning that the operator is a satisfiability test for

the positive examples and rejects the counter-examples.

In some implementations (like indexicals [19]), each variable has its own reduc-
tion operator. Singleton completeness holds for the set of operators associated to
a constraint. Note that singleton completeness for an open constraint is an ex-
tension of singleton completeness for closed constraints [14]. With this property
on singletonic states, the consistency check for a candidate tuple can be done by
the propagation mechanism itself.

Besides that, there is many ways to classify the unknown part while preserv-
ing examples and counter-examples in their respective category. The following
proposition allows to limit the efforts made to verify that an operator is a con-
sistency. It is sufficient to verify if the operator preserves the defined part of c

(c+ and c−):



Proposition 6.
If f is monotonic, contractant and singleton complete, then f is correct.

The proof of this proposition can be derived from a similar result for closed
constraints presented in [14]. When completed, an open constraint can be given
a solver, but even if correct with respect to the open constraint, this solver
may be incorrect or incomplete with respect to the real hidden constraint. This
depends on the precision of the extension.

Building a solver for an open constraint is not an easy task since it needs to
build propagators for a partially unknown constraint. This can be done by hand
and the propagators will reflect the extension intended by the programmer. But
given a large constraint arity and a large set of examples and counter-examples, it
is likely that most regularities which could be useful for propagation will remain
unnoticed, thus leading to poor performances. A better way is to find how to
use a learning algorithm in order to build propagators.

One could imagine two methods for building automatically a solver for an
open constraint: the first one consists in finding the desired extension of the
constraint, and then to build the solver using one of the previous techniques.
But this process may be cumbersome since examples and counter-examples are
likely to come from a large database. Extending it would result in a larger set
of data which may soon become intractable. Hence a better solution is to build
the solver and the extension on the fly:

Our proposition consists, by using learning techniques, in building a set of
reduction operators such that its associated constraint covers the positive
examples and rejects the counter-examples.

In other terms, we build the solver instead of building the constraint because
a constraint is fully defined by its consistency operator (or its set of domain
reduction operators). In the following, we propose two techniques aiming at
building solvers for open constraints. The first one is an extension of our solver
construction technique: the Solar system [14]. The second one proposes a novel
technique which uses a classifier like an artificial neural network in order to build
an operator enforcing a consistency.

3.2 Indexical solver construction

Indexicals have been introduced in [19] in order to define finite domains con-
straint solvers. The Solar system automatically finds an indexical expression
for a constraint given in extension. The possible expressions are restricted by a
language bias and we refer to [14] for a more complete description of the system.

Let c = (W, c+, c−). Here we present the automatic construction of one linear
indexical for a variable X ∈ W . The general form of the indexical is X in minlX
.. maxlX , both bounds being linear and defined as follows:

a +
∑

Y ∈W\{X}

(bY . min(Y ) + cY . max(Y ))



With such a fixed form, the learning problem amounts to find the best coefficients
for the template expression. Since there is no need for completeness, we just use
the reduction indexicals provided by the system and not the reparation ones
which are built only to ensure completeness.

Example 7 (Example 4 running, the sales assistant). At first, the constraint
is empty and thus its solver does nothing and accepts all tuples. Let us provide
to the system a first training example in order to build an effective solver. For
conveniency, we give name to the variables, we restrict the arity of the constraint
to 3 and we compute the solver only for the variable A:

A = e/100 B = 10 c| C = 25 c|

60 1 2

With this only tuple provided, our system outputs the following solver:

A in -100 -100*min(B) -100*max(B) +280*min(C) -100*max(C) ..

-100 -100*min(B) -100*max(B) +280*min(C) -100*max(C)

This is not the expected knowledge for a change assistant but the tuple belongs
to this hyperplane. Since the hypothesis space has 5 dimensions, it needs 6 tuples
to find the hyperplane. Let the next five customers ask for the following change:
(10, 1, 0), (75, 0, 3), (75, 5, 1), (25, 0, 1) and (185, 1, 7). This time the expected
solver is produced:

A in 10*min(B) +25*min(C) .. 10*max(B) +25*max(C)

Since the actual constraint of this example is linear, our system will eventually
find it, as it does for built-in constraints. The trained solver may now be put in
a CSP, for example with resource constraints which limit the amount of coins of
different types in the cashier’s office: for example B ≤ 100, C ≤ 80.

3.3 Classifier-based solver

Given a relation, a classifier [17] is a machine learning algorithm which aims at
finding a class for an attribute knowing the value of the others. For example, in
a mushroom database with many observational attributes like hat, foot or color,
the purpose may be to guess if the mushroom is toxic or can be eaten. Classifiers
have nice properties: they are tolerant to noise, they generalize properties and
can be used to predict the class of new items and they are often fast to execute.
Several knowledge representations may be used to implement classifiers, like
for example artificial neural networks (ANN) or binary decision trees. As is, a
classifier is pretty much different from a solver. But a solver for open constraints
would take advantage of these properties if the idea underlying a classifier could
be used to build it. We present here an example of classifier-based solver which
uses an ANN.

Let r = (W, T ), X ∈ W and a ∈ DX , we denote by r[x(a)] = {t|W−{X} | t ∈
r on ({X}, {a})} the subtable composed of those tuples of sol(r) for which their
value on X is a.



Example 8. Let r be the relation ({X, Y, Z}, {(0, 0, 1), (0, 1, 1), (1, 1, 0)}). The
selection r[x(0)] = ({Y, Z}, {(0, 1), (1, 1)}).

In order to build a reduction operator for X for the constraint c = (W, c+, c−),
the idea is to associate a boolean classifier to each value a of X ’s domain which
says if a can be pruned. The classifier takes as input the domain of the other
variables. It is trained with c+[x(v)] as positive examples and c−[x(v)].

Example 9. Let c+ = (0, 0, 1) and c− = (0, 1, 0). For this example, we use a
single perceptron to classify the tuples supporting the value x(0). The result of
training is depicted in figure 7a and its extension in figure 7b. By adding the
tuple (0, 1, 1) to c−, it shifts the line as in figure 7c, yielding the extension given
in figure 7d.
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(b) Extension of (a) (d) Extension of (c)

− −

−

Fig. 7. An ANN propagator.

The full solver is obtained by taking the union of the operators defined by a
classifier for each value of each variable. The space complexity obtained by such
a solver is comparable to the one of AC4 [18], each of the classifier having a
constant size. Once trained, the ANN can be used as follows: for checking one
tuple, for example (0, 0, 0), 0 is presented on Y and Z’s neurons and the answer
is 0 meaning that 0 is not a supported value (see figure 7d and figure 8a).

0 1 1 1

Y(0)

X(0)

0 0

1

Y Z

X(0)

Y(1) Z(0) Z(1)

(a) test of a tuple (b) test of a domain

Fig. 8. Using nn ANN propagator.

For checking intervals or subsets in order to implement bound- or arc-consistency,
it is needed to have a different network composed of one neuron per value of the



domain of the input variables. Then, in order to possibly remove the value 0
from X ’s domain, all domain values for Y and Z are simultaneously presented
on input variables (figure 8b). The neuron is simply feeded with a representation
of the input variables domain. If the network is monotonic and if x(0) is sup-
ported by one tuple, the output value is 1. Conversely, if x(0) is not supported,
the output is 0. Thus propagation is done in a safe and efficient way.

If the operator coded by the network is not monotonic, then all tuples in the
Cartesian product of the domains of the input variables have to be checked while
their output is 0 (which means that they do not support the value). Once a 1 is
produced, this means that the value is supported and the enumeration may be
shorten. Of course this technique could be applied only for very small domains.
Note that this technique applies even if the reduction operator is defined as usual
and not by learning — by a programmer for example. Hence we insist on using
monotonic operators.

We have implemented a larger prototype using ANN constraint-based plan-
ning of a robot in a virtual environment. To be more expressive, perceptrons
have to be replaced by multilayer ANN in order to express non-linearly sep-
arable functions. One problem with ANNs is that they are non-monotonic by
nature since some connexion weights may be negative. The way we chose to
overcome this problem is to constrain the weight to be positive. It has the effect
of sometimes preventing the retropropagation learning algorithm to converge to-
wards the optimum. This is why we set the weight by using a genetic algorithm.
Convergence is slower but the quality of solutions is satisfactory.

The robot dwells in a grid environment, can perform actions like make a step
forward, turn left or eat energy pill. It has state variables representing location
and energy. Each time the robot bumps a wall, it looses energy. The robot’s rep-
resentation of the world is modeled internally by a constraint step(OldState,
Movement, NewState) which relates its perception before and after its actions.
The known part of this constraint changes at every move and the robot learns
from its past actions a probable description of what it should do next. The robot
uses this constraint for a 3-steps simple planning (see figure 9). It searches in the
space of possible moves the best one according to the current extension of the
constraint and performs this move. Each time the move leads to a bad outcome
(lower the energy, for example), the robot revise its solver for the constraint by
re-running the learning algorithm. In other terms, it changes the computed ex-
tension of this constraint. We observed that after a first period of intense revision
(when only a few tuples are known), the robot improves itself and is eventually
able to show an emerging “intelligent” behavior by avoiding obstacles. This is
done without having an internal iconic representation.

4 Related work and open issues

Related work. Many approaches have been tackled to handle changes in CSPs,
especially in the so-called Dynamic CSP framework [8]. We are indebted to [20]
for their excellent survey on dynamic constraint solving in which the reader can
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find many more references than it is possible to include in this paper. Interest-
ingly, the AC|DC algorithm [5] can cope with the enlargement of the domain of
variables or adding of tuples to constraints. However, the algorithm works at the
computation state level and outputs a new consistent search state after revision
and no consideration on solvers revision is made.

The name “open constraint” has been coined by [11] but with a rather differ-
ent treatment as it is proposed in this paper. They consider CSPs for which the
solving algorithm may query variable values when the search space is exhausted
and no solution is found. With the artifact of hidden variable encoding, the solv-
ing algorithm fo-search gathers tuple by tuple the definition of the constraint
and the main consideration is to limit the number of gathered tuples. The same
intention can be found in the Interactive Constraint Satisfaction framework pro-
posed in [15]. In contrast, our concern is to build a solver and not to provide an
algorithm for distributed CSPs.

Other works introduce machine learning in Constraint Programming like the
Adaptative Constraint Engine [10]. The purpose is different of ours since learning
is used to infer strategies for a class of problems.

Several techniques have been considered for the automatic construction of a
constraint solver since the pioneering work of [4]. The main difference between
approaches is the choice of the representation language for operators. In [1] is
introduced the system PropMiner which constructs as CHR all relevant propa-
gation rules for a constraint given a language for the left- and right-hand sides of
the rules. We believe that this framework could be extended for open constraint
in the context of association rules mining [2]. In [7, 14] is presented a general
framework for consistency approximation, instantiated by the automatic con-
struction of indexicals-based solvers for bound-consistency. It has been extended
for arc-consistency by using clustering techniques [13] and delay of expensive
operators [16]. Our current approach mainly focuses on this framework in order
to extend it for open constraints.

In [6], the goal is to find a CSP made out of built-in constraints like ≤, =, 6=
which accepts examples and rejects counter-examples. The purpose and methods
are different since they want to help a CSP designer to build the model he/she
wants to solve but it can also be understood as finding a model for an open
constraint. Since they use (combination of) symbolic constraints, they can use
a powerful version space learning algorithm. As with many learning algorithms,



they have to put strong languages biases in order to get a tractable problem. In
a solver learning perspective, this representation of an open constraint as a CSP
has the advantage of reusing existing solvers for built-in constraints.

Open issues. Building a native solver for open constraints is related to the
treatment of uncertainty. For example, the constraint X < Y ± 1 is composed
of a positive part X < Y + 1, a negative part X ≥ Y − 1 and an unknown
part in between. Such a solver could provide information about the number
of uncertain constraints used in a solution. It could be also useful to express
preferences and/or to address over-constrained problems. The unknown area of
the constraint has to be small in order to find some certain solutions. Uncertainty
in Constraint Programming has been tackled in [21] among others.

Also open constraints pose the problem of the solver’s correctness, which is
one of the most interesting feature of the closed-world approach. In order to
generalize, a learning algorithm should be incomplete by accepting more tuples
than only the set of positive examples. But it can also be incorrect and this
behavior is useful to be tolerant to noisy or incomplete data. We believe that
applications which need open constraints also need the full power of learning
tools even if some solutions found are false positive or negative.

5 Conclusion

Future knowledge-based system will require reasoning capabilities, reactivity to
the external world and self-improvement. We propose partially defined or open
constraints as a model for constraint reasoning with incomplete information. We
have proposed a way of building a solver for an open constraint by combin-
ing a learning algorithm and a solver generation mechanism. Eventually, open
constraints will play for machine learning techniques the same role as global
constraints do for specialized graph or mathematical programming algorithms.
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Abstract An algorithm with the anytime property has an approximate solution
always available; and the longer the algorithm runs, the better the solution be-
comes. Anytime solving is important in domains such as aerospace, where time
for reasoning is limited and a viable (if suboptimal) courseof action must be al-
ways available. In this paper we study the anytime behaviourof solving a mixed
CSP, an extension of classical CSP that accounts for uncontrollable parameters,
using a benchmark problem from aerospace sub-system control. We propose two
enhancements to the existing decomposition algorithm: heuristics for selecting
the next uncertain environment to decompose, and solving ofincrementally larger
subproblems. We evaluate these enhancements empirically,showing that a heuris-
tic on uncertainty analogous to ‘first fail’ gives the best performance. We also
show that incremental subproblem solving provides effective anytime behaviour,
and can be combined with the decomposition heuristics.

1 Introduction

The increasing desire for autonomy in aerospace systems, such as Uninhabited Air-
craft Vehicles (UAVs), will lead to increasing complexity in planning, scheduling, and
control problems [14]. Constraint programming techniqueshave proved effective for
addressing such problems in the aerospace domain (e.g. [13,15]). The real-world re-
quirements of such problems mean that preferences, uncertainty, and dynamic change
must be handled. For this, the classical constraint satisfaction problem (CSP) is inade-
quate. One extension to handle uncertainty is the mixed CSP framework, introduced by
Fargier et. al. [5,6] for decision making with incomplete knowledge.

Our motivation comes from a problem in planning the control of aerospace equip-
ment. In order to enhance autonomous behaviour, the plan produced must take account
of environmental uncertainty the aerospace system may encounter. During execution,
the plan need only specify the immediate next control action: thus continuous, incre-
mental planning is possible for the problem. A constraint-based formulation as a mixed
CSP is given in [20], where uncontrollableparametersare used to model the uncertain
evolution of physical quantities, such as temperature.

An algorithm with theanytimeproperty has an approximate solution always avail-
able; and the longer the algorithm runs, the better the solution becomes [1]. If the al-
gorithm is allowed to run to completion, a final solution is obtained. For the aerospace
domain, with its deadlines on response time, anytime behaviour is highly desirable [14].
�
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This paper presents an experimental study of anytime solving of mixed CSPs. Specif-
ically, we investigate the performance of the existing decomposition algorithm of [6]
on our aerospace control planning problem as a case study. Wedescribe two enhance-
ments to the use of the algorithm designed to improve its anytime performance, and
empirically assess their value. The two enhancements are decomposition heuristics for
exploring the parameter space of uncertain environments, and incremental solving of
the planning problem for successive horizons. The results show that a heuristic on un-
certainty analogous to ‘first fail’ gives the best performance. They also show that incre-
mental subproblem solving provides effective anytime behaviour, and can be combined
with the decomposition heuristics.

We begin by summarising the mixed CSP framework and the decomposition algo-
rithm (Section 2), and then briefly summarise our motivationfor anytime solving and
outline our case study problem (Section 3). We present the two algorithmic extensions
(Section 4) and empirically assess them (Section 5). A discussion of the results con-
cludes the paper (Section 6).

2 Mixed CSP and the Decomposition Algorithm

2.1 Mixed CSP

Fargier et. al. [5, 6] introduced themixed CSPframework, an extension to the classi-
cal CSP for decision making with incomplete knowledge.1 In a mixed CSP, variables
are of two types: decision and non-decision variables. The first type are controllable by
the agent: their values may be chosen. The second type, knownasparameters, are un-
controllable: their values are assigned by extrogeneous factors. These factors are often
referred to as ‘Nature’, meaning the environment, another agent, and so on.

Formally, a mixed CSP extends a classical finite domain CSP�V �D �C �, whereV

is a finite set of variables,D is the corresponding domains, andC is a set of constraints:

Definition 1 (Mixed CSP [6]).A mixed CSPis a 6-tupleP � �Λ �L �V�D �K �C � where:

– Λ � �λ1� � � � �λp� is a set of parameters
– L � L1 	 
 
 
 	Lp, where Li is the domain ofλi

– V � �x1 � � � � �xn� is a set of decision variables
– D � D1 	 
 
 
 	Dn, where Di is the domain of xi
– K is a set ofdata constraintsinvolving only parameters
– C is a set of constraints, each involving at least one decisionvariable

We say a complete assignment of the parameters is arealisation (or world), and
a complete assignment of the decision variables is adecision(or potential solution).
We say a realisation ispossibleif the classical CSP�Λ �L �K � is consistent, i.e. has at
least one solution (otherwise the realisation isimpossible). For every realisationr, the
classical CSP�V �D �C � formed as the projection ofP under realisationΛ � r is the
realised(or candidate) problem induced byr from P . We say a realisation isgoodif the
1 The earlier work [5] associates a probability distributionwith each parameter; we follow the

later work in which a (discrete) uniform distribution is assumed.



corresponding realised CSP is consistent (otherwisebad). We say a decisiond coversa
realisationr if d is a solution to the realised CSP induced byr.

The outcome sought from a mixed CSP model is arobust solution: intuitively, one
solution that satisfies all constraints under as many realisations as simultaneously pos-
sible. However, the nature of this outcome depends on when knowledge about the state
of the world will be acquired. If the realisation is observedbefore the decision must
be made, we are in the case offull observability(FO). If the realisation is observed
only after the decision must be made, we are in the case ofno observability(NO). The
intermediate cases are not considered in [5,6].2

In the case of full observability, the outcome sought is aconditional decision(or
policy). This is a map between realisations and decisions that specifies, for a set of
realisationsR, a decisiond for eachr � R such thatd coversr. We then say that the
conditional decisioncovers R. Such a conditional decision isoptimal if it covers every
good realisation ofP ; it is completeif further it covers all possible realisations. It is
shown in [6] that deciding consistency of a binary mixed CSP is co-Σ2 complete.

2.2 Decomposition Algorithm

We say an algorithm has ananytime property[1] if:

1. An answer is available at any point in the execution of the algorithm (after some
initial time, perhaps zero, required to provide a first validsolution)

2. The quality of the answer improves with an increase in execution time

Theperformance profileof an algorithm is a curve that denotes the expected output
quality Q�t � with execution timet [2]. The concept of an anytime algorithm, one that
has an anytime property, was developed for time-critical planning and scheduling.3 The
original formulation imposed additional requirements, such as preemption.

An algorithm to find an optimal conditional decision for a mixed CSP under full ob-
servability is presented in [5,6]. We call this thedecomposition algorithmand denote it
decomp. Because of the complexity of finding such a decision — both computational
effort, and size of the outcome (in the worst case, one decision for every possible real-
isation) —decomp is designed as an anytime algorithm. Intuitively, it incrementally
builds a list of decisions that eventually cover all good realisations. We omit discussion
of some for us unnecessary subtleties about the algorithm; for details, see [6].

Central to the method are sets of disjoint realisations calledenvironments, and their
judicious decomposition, which is achieved with a method called sub-domain subprob-
lem extraction[7]. Formally, anenvironmentis a Cartesian productl1 	 
 
 
 	 lp, where

2 In temporal CSP, (FO) corresponds to weak controllability of STPUs and (NO) to strong con-
trollability; dynamic controllability [12] is not considered for mixed CSPs.

3 In the literature, two types of anytime algorithms have beendefined. Aninterruptiblealgorithm
is defined as above. Acontractalgorithm must be given in advance an upper limit on runtime;
it will terminate within this limit with a partial solution.We consider interruptible algorithms
because in the aerospace domain we do not necessarily have anestimate of available runtime
before execution begins. Moreover, an interruptible algorithm can be converted to a contract
algorithm with a constant factor overhead.



Algorithm 1 Decomposition for an optimal conditional decision
1: B � /0

�
bad realisations�

2: D � /0
�
decision–environment pairs�

3: E � L1 � � � � �Lp
�
environments still to be covered�

4: repeat
5: Choose an environmente from E
6: let Ce beconstraints that enforcee
7: let P be the CSP

�
Λ � V �L � D �K � C � Ce�

8: if P is consistentthen
9: let s bea solution ofP

10: let v bes projected onto the domain variablesV

11: R� covers�v� �
realisations covered by v�

12: Add the pair�v�R� to D
13: E � 	e
 �E decompose�e� �R�
14: else

�
all realisations in e impossible�

15: Adde to B
16: until E 
 /0

�
all possible realisations covered�

17: return �B�D�

l i � Li . For example, ifL1 � L2 � �a�b�c�d�, then an environment is�b�d� 	 �c�d�.
The result is an anytime algorithm that incrementally computes successively closer ap-
proximations to an optimal decision. The number of realisations covered by the deci-
sion grows monotonically, and if allowed to finish without interruption, the algorithm
returns an optimal conditional decision. However, the algorithm is approximate in that
the conditional decision obtained is not guaranteed to haveminimal cardinality.

Pseudocode fordecomp is given as Algorithm 1. In line 5 we pick an environment
not yet covered. It is possible if at least one of its realisations is possible. If so, we
find a decision that covers one of its realisations (line 9), compute the other realisations
covered by the decision (line 11), and remove them from the environment (line 13). On
the other hand, if the environment is bad (i.e. all its realisations are bad), we mark all
its realisations so in line 15.

The consistency test in line 8 should be performed by instantiating the parameters
Λ first.4 In fact, the consistency test and subsequent search for one solution to the CSP
in line 9 can be combined, since ifP has a solution then it is by definition consistent.

The functioncovers�d� in line 11 calculates the realisations covered by a decisiond.
Operationally,covers�d� can be specialised for the constraints of the problem. In partic-
ular, it is simplified when each constraint contains at most one parameter. In this case,
the set of realisationsR covered byd is a Cartesian product of subsets of the param-
eter domainsL. Hence we can buildR by considering each parameter independently;
moreover,R is an environment with no further computation.

The functiondecompose�e� �R� in line 13 implements sub-domain subproblem ex-
traction to decomposee� by R, returning a set of distinct environments [7]; the details

4 This is because we must know whether the CSP�Λ �L �K � is consistent. If so, environment
e contains at least one possible realisation; otherwise we donot proceed withe. This is a
necessary condition for the correctness proof of the algorithm [6].



are unnecessary for this paper. Decomposing an environmente by an environmentR
means producing a set of distinct environmentsS that together cover all realisations in
e not covered byR.

Using results about environments from [7], in [6] Algorithm1 is proved sound and
complete: it eventually terminates, and if allowed to terminate, it returns a conditional
decision that covers all good realisations. Moreover, if stopped at any point,D contains
decisions for (zero or more) good realisations andB contains only bad realisations.

3 Problem Domain

From the introduction, recall that our motivation for studying mixed CSPs comes from
the aerospace planning problem described in [20]. The problem is called theSub-system
Control Planning Problem(SCPP); a detailed description is found in [19,20].

As noted earlier, planned future autonomy in the aerospace domain brings strong
anytime requirements. Autonomous systems are characterised by limited computational
power and limited online response time. Moreover, due to contingent events that may
unexpectedly occur, a safe course of action is required to beimmediately available.

In this paper we focus on the anytime solving of the constraint model of the SCPP.
This model, derived from a high-level specification of a problem instance as a finite state
automaton, is a mixed CSP. Importantly, although the constraints may be complicated,
each constraint involves at most one parameter. The parameters arise from uncertain
environment conditions, such as temperature variation, ineach state of the automaton.

The model includes linear summation constraints (arising from path conservation
constraints), implication constraints, channelling constraints; and constraints describing
evolution of physical quantities according to the environmental uncertainty, such as:

Θi�1 � E j 	 �Θi
�

Ti∆ j �

whereΘi and Ti are discrete variables,Ei are Boolean, and∆ j are parameters. The
details of the model are not central to this paper; they may befound in [19].

The outcome sought for the SCPP is a conditional plan that covers the anticipated
environmental uncertainty.5 This corresponds to the conditional decision of a full ob-
servability mixed CSP. For a given aerospace sub-system, aninstance of the SCPP is
parametrised by the planning horizon,H � � . During execution, the plan need only
specify the immediate next control action at the current horizon. However, there is an
additional minimum performance requirement on feasible solutions. This requirement
corresponds to a percentage of the maximum possible performance (which can be com-
puted a priori); it is imposed as an additional hard constraint in the model.

Three representative but simplified spacecraft sub-systems we consider as SCPP
instances are a navigation system (AOCS), a thruster (Thruster), and a directional
sensor (Tracker). We build a mixed CSP model of each automaton. The performance
of solving these mixed CSPs will be the benchmark for our empirical study.

5 Environmental uncertainty should be distinguished from the technical definition of anenviron-
mentabove as a set of realisations.
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Figure 1. Performance profile curves of idealised anytime behaviour

4 Enhancing the Anytime Behaviour ofdecomp

Summarising, we have recalled the algorithm we calldecomp for a full observability
mixed CSP (Algorithm 1), and described a model of our motivating problem as such
a mixed CSP. We now introduce two orthogonal extensions ofdecomp designed to
improve its anytime performance for the requirements arising in aerospace domain.

To see what we mean by improve anytime behaviour, consider the performance pro-
files shown in Figure 1. The horizontal axis depicts timet and the vertical axis solution
quality Q�t �. The straight line 4 represents the anytime behaviour of an algorithm that
monotonically increases solution quality at a constant rate. The curves 1–3 depict better
anytime behaviour than 4, with 1 the best, because solution quality rises more sharply
earlier in the solving. In contrast, curve 5 depicts a poor anytime behaviour. Thus mov-
ing from 4 to 2, for instance, is an improvement in anytime behaviour. Note this is true
even though both algorithms return the same solution quality at the end of the solv-
ing period shown. As a secondary aim, we would like, if possible, to have an earlier
termination time in addition to improved anytime behaviour.

4.1 Environment Selection Heuristic

Recall thatdecomp is an anytime algorithm in terms of the number of realisations
covered by the conditional decision it computes. If allowedto run to termination, it
produces an optimal conditional decision; if stopped earlier, the conditional decision
covers a subset of the good realisations. In terms of plan execution, however,decomp
fails to ensure that a valid plan is always available (the first part of an anytime property).
If the realisation actually observed is not covered by the conditional decision at the time
of interruption, the algorithm does not provide a valid control action.

In [6] it is noted that heuristics may be used in line 5 of Algorithm 1, although
none are proposed. The algorithm terminates when the setE is empty. Every iteration
through the main loop removes one environmente from E. Judicious choice ofe may
speed the termination or improve the anytime behaviour, or both.



Algorithm 2 Anytime computation by incremental plan horizon
1: S� /0
2: for h 
 1 toH do
3: let Sh beoutput ofdecomp on horizonh automaton
4: if decomp ran to completionthen
5: S� Sh
6: else
7:

�
keep existing decisions for uncovered realisations�

8: for each realisation covered bySh do
9: updateSby Sh

10: return S

We propose five heuristics for environment selection:

– random: pick the next environment at random. This is our default heuristic, used
as a baseline to evaluate the others.

– most uncertainty: pick the environment with the most uncertainty. That is, choose
e to maximise∏λi �e

�
Li

�
.

– least uncertainty: pick the environment with the least uncertainty. That is, choose
e to minimise∏λi �e

�
Li

�
.

– most restricting: pick the environment that most constraints the variables’domains.
That is, for eache, impose the constraintsCe in line 6 of Algorithm 1, and compute
∏i

�
Di

�
. Choosee to minimise this quantity.

– least restricting: pick the environment that least constraints the variables’ domains.
That is, impose the constraintsCe, compute∏i

�
Di

�
, and choose the maximisinge.

These heuristics are analogous to variable selection heuristics in finite domain CSP
solving. Pursuing this link, we also considered a heuristicto pick the most or least con-
straining environment. That is, the environment whose realised CSPs are the most or
least constrained (precisely, maximise or minimise the sumof a constrainedness metric,
summed over all the realised CSPs corresponding to realisations in the environment).
However, preliminary experiments indicated that such a heuristic has poor performance.
This seems to be caused by a weak correlation between the constrainedness of the re-
alised CSPs arising from an environment, and the difficulty of solving the whole mixed
CSP. Thus we did not consider such a heuristic further.

4.2 Incremental Horizon

The SCP problem is naturally parametrised by the planning horizon,H. Runningde-
comp to completion provides the sought optimal conditional plan. Interrupting the al-
gorithm at any point provides a partial plan. As we have observed, since this plan is
partial, in terms of execution it may not cover the realisation that actually occurs.

To better provide for plan execution, a second means of ensuring anytime behaviour
is to iteratively plan for longer horizons,h � 1� � � � �H. We permit the algorithm to be
interrupted at the completion of any horizonh. The resulting complete condition plan
for horizonh provides the initial steps of a complete plan for horizonH. We also permit



Table 1.Characteristics of the benchmark problem instances

uncertainty per horizon
automaton states per horizonA B C timeout

AOCS 5 2 4 5 200s
Thruster 8 7 14 23 2000s
Tracker 7 6 9 16 18000s

decomp to be interrupted before completing a horizon. The plan for horizon h then
consists of the decisions for the covered realisations, together with, for the uncovered
realisations, the decisions from horizonh � 1.

More specifically, the time interval
�
0 � � �h� � h � H, defines a subproblem which is a

subpart of the original SCP problem instance. The subproblem is obtained by ignoring
decision variables and parameters in the interval

�
h
�

1�H �, and relaxing associated
constraints. Theincremental horizonmethod starts fromh � 1, and incrementsh each
time the subproblem is successfully solved. If interrupted, the method thus provides a
plan up to time eventh� 1.

Algorithm 2 summarises the method. As stated, conceptuallyit operates by solv-
ing incrementally larger subproblems. Indeed, suppose a plan for horizonH is desired
and computation time is limited toT (which we do not assume is known to the algo-
rithm). Running Algorithm 1 for timeT might give a conditional plan that covers 70%
of realisations, say. The conditional plan it yields is not optimal. Instead, running Algo-
rithm 2 for the same time might give a plan that covers only 40%of realisations with
a horizon-H decision, but all realisations are covered with some decision: say that for
the horizon-�H � 1� decision. Thus we have an optimal conditional plan and, as webe-
gin its execution, we can undertake further computation to extend the horizon-�H � 1�
decisions to horizon-H decisions.

In terms of execution, Algorithm 2 thus has the advantage over Algorithm 1 that an
initial, valid action is for certain available (once the problem is solved for horizon 1,
which is expected to be rapid). Upon interruption, execution can proceed by checking
whether the realisationr � observed is covered by the horizonh decision. If not, the
horizonh� 1 decision for it is used. This checking requires little computation.

The incremental horizon method is orthogonal to the environment selection heuris-
tics. Any heuristic may be used in the invocation ofdecomp in line 3 of Algorithm 2.
In the experimental results that follow, we hence evaluate the behaviour of incremental
horizon both with the defaultrandomheuristic and with the others proposed above.

5 Experimental Results

In this section we report an empirical assessment of thedecomp algorithm on the SCP
problem. The aim of the experiments was to evaluate: (1) the impact of the environment
selection heuristics on anytime behaviour; and (2) the effectiveness of incremental hori-
zon for producing anytime behaviour.

The results reported were obtained on a 2GHz linux PC with 1GBof memory, using
ECLiPSe version 5.7 [3]; timings are in seconds. Table 1 summarises the characteristics
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(a)AOCS C 80% horizon 8
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(b) Thruster B 60% horizon 6

Figure 2. Anytime behaviour of environment selection heuristics (I)

of the three SCPP instances. For each automaton, we considered three degrees of un-
certainty: moderate, average and large, denotedA–C respectively. We also considered
performance requirements between 20–80% (recall Section 3). This gives two parame-
ters for each problem instance. We imposed a timeout on any single run of Algorithm 1,
depending on the complexity of the automaton; the values aregiven in Table 1.

5.1 Environment Selection Heuristic

We first consider the five environment selection heuristics described in Section 4.1.
We measure quality by the number of good and possible realisations covered by the
conditional decision, plus the number of bad realisations marked as bad, after a given
computation time. That is, the quality isQ1 �t � � �

D
�� �

B
�
, whereD andB are as in the

notation of Algorithm 1.
Figures 2(a)–4(b) show the quality (realisations covered)versus solving time (ms).

The vertical axis is shown on a log scale, i.e. logQ1�t �. Figure 2(a) shows the typical
result for theAOCS instance: the best heuristic isleast uncertainty, followed bymost
restricting; these are both better thanrandom. The worst heuristic isleast restricting;
most uncertaintyis slightly better.

Figures 2(b)–3(b) demonstrate the performance of the heuristics for Thruster is
more varied. For most instances of uncertainty, performance, and horizon,least uncer-
tainty is the best heuristic andrandomis second or third. However, for some instances,
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(a)Thruster C 40% horizon 5
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(b) Thruster B 40% horizon 7

Figure 3. Anytime behaviour of environment selection heuristics (II)
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(a)Tracker B 0% horizon 5
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(b) Tracker B 20% horizon 6

Figure 4. Anytime behaviour of environment selection heuristics (III)
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(a) AOCS C 20%
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(b) AOCS C 80%

Figure 5. Anytime behaviour of incremental horizon (I)

least uncertaintydoes not have maximalQ1 �t � for all t. First look at Figures 3(a)–3(b).
These graphs are for instances just before and just after infeasibility (which here occurs
beyond horizon 6). In the former,least uncertaintyis best at all times. In the latter, how-
ever, it is inferior to some other heuristics (in particular, to random) until about 2500ms,
after which it strongly dominates.most restrictingexhibits poor behaviour.

Next look at the rare result shown in Figure 2(b). In this critically constrained prob-
lem, randomis best at first, until overtaken by firstmost uncertaintythenleast restrict-
ing. Further,least uncertaintyexhibits poor anytime performance. While exceptional,
this instance indicates that no one heuristic always dominates. As in classical CSPs, the
choice of heuristic is itself heuristic.

The results forTracker confirm those forAOCS. Figures 4(a)–4(b) showleast un-
certaintyas the best heuristic. Note how it not only has a better performance profile, but
also achieves a much earlier termination time than the otherheuristics.

5.2 Incremental Horizon

We now consider the method described in Section 4.2. Here, wemeasure quality by
the horizon attained after a given computation time. That is, the problem is solved in-
crementally for horizons 1, 2, . . . , and the timesti recorded. The cumulative time for
horizonh is computed asth � ∑i�1�����h ti , and the quality isQ2 �t � � max�h�

th � t �.
Figures 5(a)–7(b) show the quality (horizon attained) versus solving time (ms). The

shape of the curves indicate that Algorithm 2 provides acceptable anytime behaviour.
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Figure 6. Anytime behaviour of incremental horizon (II)
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Figure 7. Anytime behaviour of incremental horizon (III)



However, performance strongly depends on the environment selection heuristic. Since
incremental horizon is built ondecomp, this might be expected.

Across the three automata, the performance of therandomheuristic is broadly sec-
ond or third of the five heuristics considered. ForAOCS (Figures 5(a)–5(b)), the best
heuristic isleast uncertainty, followed bymost restricting; these are both better than
random. The worst heuristic isleast restricting; most uncertaintyis slightly better. The
performance ofmost restrictingdeclines beyond horizon 6; beyond this point,random
has better performance.

For Thruster and Tracker (Figures 6(a)–7(b)), the results are similar. The best
heuristic is least uncertainty, and overallrandom is next best. For theTracker in-
stanceA 20% (Figure 7(a)), beyond horizon 4, the remaining three heuristics struggle;
most uncertaintyis the best of them. ForB 40% (Figure 7(b)),randomand least re-
stricting dominate about equally. The results forThruster (Figures 6(a)–6(b)), while
similar, show strongly that poor heuristics for environment selection give very poor
performance. This appears to be due to the large number of environments that must
be maintained by Algorithm 1; the algorithm suffers from a lack of memory, and the
timeout is reached for Algorithm 2 while it is still considering a low horizonh.

5.3 Discussion

Of the environment selection heuristics,least uncertaintyhas the best overall perfor-
mance, in terms of both metrics of quality. For the direct useof decomp (i.e. Q1�t �),
there are instances where other heuristics are better. In some instances, there is a ‘cross-
over’ point (e.g. Figure 3(b)) prior to which another heuristic dominates, and after which
least uncertaintydominates. For the incremental horizon use ofdecomp (i.e. Q2�t �),
least uncertaintydominates in almost all instances; we observe no cross-overbehaviour.

We can make the analogy betweenleast uncertaintyand thefirst fail (smallest do-
main first) variable selection heuristic for classical finite domain CSP. First fail is known
as an often effective choice of variable selection heuristic [3, 11]. However, just as it is
not the best heuristic for every CSP, soleast uncertaintyis not the best for every mixed
CSP: Figure 2(b) shows a critically-constrained problem where the best heuristic is
initially randomthenmost uncertainty.

Secondly, overallrandomis consistently neither the best nor worst heuristic, as ex-
pected. On balance, its performance across the instances and across Algorithms 1 and 2
is second behindleast uncertainty. In particular, heuristics based on the size of variable
domains (mostand least restricting) vary in effectiveness between problem instances.
For example,most restrictingis acceptable in Figure 2(a) but very poor in Figure 3(a).

Thirdly, the results suggest that incremental horizon is effective in providing any-
time behaviour, particularly for lesser horizons. When thesubproblems becomes hard
(e.g. fromh � 4 for Thruster), the rate of increase of solution quality declines. This
is more marked when the performance requirement is higher, perhaps a result of the
problem then being over-constrained.

Since the SCPP is easy to solve for modest horizons, a possible approach might be:
begin with Algorithm 2 and therandomheuristic (which has no overhead to compute),
and later switch to Algorithm 1 with theleast uncertaintyheuristic (the most effective
overall). Further experimental work is needed to investigate this hybrid possibility.



6 Conclusion and Future Work

Anytime behaviour is an important requirement for the aerospace domain. Motivated
by a planning problem for aerospace equipment control, thispaper studied the any-
time solving of full observability mixed CSPs. We proposed two enhancements to the
existing decomposition algorithm: heuristics for selecting the next environment to de-
compose, and solving of incrementally larger subproblems.

The heuristics we considered are applicable to solving any mixed CSP by the de-
composition algorithm. Overall, the heuristicleast uncertainty, which is analogous to
first fail for finite domain CSPs, gives the best performance.

The incremental horizon method we considered is specialised for the SCP problem.
However, the broader idea of problem decomposition into incremental subproblems, as
a means of anytime solving, applies to any mixed CSP for whicha suitable sequence of
subproblems can be identified. For the SCPP, by replacing thedecomposition algorithm
with an incremental version, we ensure anytime behaviour interms of plan execution.

Anytime algorithms for classical CSPs have been built by considering the CSP as a
partial CSP, and using branch-and-boundor local search [17]. For finding robust ‘super’
solutions, anytime algorithms have also been built with branch-and-bound [9]. Anytime
solving is related to incremental solving of CSPs (e.g. [16]). In the latter, however, the
focus is to efficiently propagate the changes implied when a variable’s domain changes.

One approach to deal with uncertainty in planning is to continuously adapt a plan
according to the changing operating context. Plan adaptation is performed upon an
unexpected event, system failure or goal (mission) update.It can be done with rea-
sonable response time, using for example iterative repair techniques (e.g. [4]). Rather
than reacting, our approach here is based on proactive anticipation of the environment
or other changes. This has the operational advantage of enabling the system to react
more quickly. However, not all environmental uncertainty can be anticipated, and pre-
computing plans has a computational cost. Thus in practice plan management and exe-
cution adopts a hybrid proactive and reactive form [14].

In future work, we want to complete the investigation of incremental horizon by
evaluating how often it produces plans for horizonH based on partial plans for a lower
horizon, as described in Section 4.2. We would also like to evaluate the methods con-
sidered here on other SCPP instances (in particular, the hard Instrument instance de-
scribed in [19]) and, importantly, on mixed CSPs arising from other problems.

The ‘cross-over’ between different heuristics over time suggest that meta-reasoning
on the solving algorithm may yield the best anytime behaviour in practice. For instance,
the hybrid approach suggested in the last section. More generally, this reasoning can
take into consideration [8]: the current state of the solution (such as what percentage
of realisations it presently covers); the expected computation time remaining, if an esti-
mate is available; the cost of computing the different heuristics; and the opportunity of
switching between algorithms during solving, as noted earlier.

Driven by our motivational problem, in this paper we have considered only the
full observability case; an interesting direction would beto consider anytime solving
in the no observability case. Here, the outcome sought is a single robust solution that
covers as many realisations as possible. As such, there are links not only to anytime
methods for robust solutions to CSPs [9], but also to solvingmixed CSPs with proba-
bility distributions over the parameters [5], which are an instance of the stochastic CSP



framework [18]. For instance, scenario sampling methods for stochastic CSPs give the
opportunity for an anytime algorithm [10].
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Modern constraint programming (CP) applications are inherently both online
systems and mixed-initiative systems. Or at least they should be so. Applications
such as satellite tasking, day of operations planning, maintenance scheduling
and vehicle dispatching exhibit these requirements. The constraint satisfaction
problems (CSPs) they solve are not static but change unpredictably during the
schedule generation process. Likewise, these applications usually involve mixed-
initiative reasoning where the user and the system work together to solve the
CSP. The user is also an expert in the problem domain who embodies unstated
constraints and may know good heuristics for finding solutions. Acknowledging
this, the so-called 2-expert approach attempts to support collaboration between
the user and system instead of completely automating the solution process.

Traditional CP algorithms do not serve online and mixed-initiative applica-
tions well. New architectures are required which support: 1) dynamic constraint
propagation methods; and 2) semi-systematic search algorithms. We believe that
these two areas should be complementary foci of CP research. Our rationale is
as follows.

Online systems confront CSPs that change dynamically. Changes in the prob-
lem (environment) are seen as non-monotonic constraint addition, deletion and
revision in the CSP model. Likewise, mixed-initiative reasoning views the user
as an induced k-ary constraint on the CSP. Some k variables in the model are
controllable (in part) by the user as unary constraints on these variables. This
induced user constraint is also non-monotonic, changing spontaneously via user
interaction and guidance of the solution process. Thus constraint propagation
algorithms need to be incremental, reversible and efficient. Incremental propaga-
tion methods perform variable domain revision by considering only the changed
constraints and not recomputing consistency from scratch [2, 4]. Propagation
must be reversible such that non-monotonic constraint retraction can also be
computed incrementally. And dynamic constraint propagation needs to be effi-
cient to be used with non-systematic local search techniques. Existing algorithms
for dynamic arc consistency are probably too slow.

As well, dynamic CSPs put strong demands on search algorithms. We require
that the CP system accommodate to the dynamics of online problem changes
and user choices. The system must continue searching from its current (partial)
solution and not restart after every change. Traditional constructive (backtrack)
methods are inappropriate because they search a tree of partial assignments



which assumes that the CSP is static. Branches pruned by dynamic constraints
need to be reconsidered when these constraints are retracted or revised. Purely
local search algorithms avoid this problem because they relinquish systematicity
in order to follow solely the heuristic gradient (hillclimbing) in the CSP. But
local search does not exploit the benefits of systematically by exhausting search
subspaces before moving onto other regions. No long term memory (of nogoods)
is maintained of previously visited regions. The memory requirements in general
are too large.

We believe, however, that new semi-systematic search algorithms are appro-
priate for online and mixed-initiative CSPs. These algorithms combine desir-
able aspects of both constructive and local search (e.g. [3]). They operate on a
(nearly) complete assignment of variables thus maximizing the effectiveness of
heuristics. They provide the freedom to move arbitrarily in the search space yet
retain enough systematicity to efficiently but incompletely tour that space. We
have developed a method [2] that hillclimbs in the infeasible space looking for an
assignment of variables which minimizes the number of unsatisfied constraints
(minConflicts). Any violated constraints at a local minima are used to derive
new nogoods which preclude any subsequent global assignment from contain-
ing these values. Essentially the method backtracks over local minima instead
of possible global assignments. As in constructive search, deep backtracking is
performed when every assignment to some variable is nogood in the current
global environment. However, deep backtracking is strongly dependent both on
the variable ordering relation which chooses which variable to move next and on
the nogood caching scheme used to remember disallowed previous states. The
efficacy of this hybrid search algorithm has been recently demonstrated on a
large sports scheduling application [1].

In conclusion, we believe that a seachange is underway in how people solve
real CSPs. Static batch programming is dead. For CP, this revolution necessitates
the development of more flexible and dynamic constraint solving algorithms. We
have built a framework for exploring semi-systematic constraint solving, called
ReSolver, and are currently investigating a number of interesting instances of
the framework including the instance described above.
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The usefulness of schedules in most practical scheduling domains is limited by their
brittleness. Though a schedule offers the potential for a more optimized execution than
would otherwise be obtained, it must in fact be executed as planned to achieve this po-
tential. In practice, this is generally made difficult by a dynamic execution environment,
where unexpected events quickly invalidate the schedule’s predictive assumptions and
bring into question the continuing validity of the schedule’s prescribed actions. The
lifetime of a schedule tends to be very short, and hence its optimizing advantages are
generally not realized.

In our work we go beyond the classical, fixed-times formulation of the scheduling
problem, which designates the start and end times of activities as decision variables and
requires specific assignments to verify resource feasibility. In fact, adopting a graph
formulation of the scheduling problem, wherein activities competing for the same re-
sources are simply ordered to establish resource feasibility, it is possible to produce
schedules that retain temporal flexibility where problem constraints allow. In essence,
such a “flexible schedule” encapsulates a set of possible fixed-times schedules, and
hence is equipped to accommodate some amount of executional uncertainty. More pre-
cisely, our approach adopts a graph formulation of the scheduling problem and focuses
on generation ofPartial Order Schedules(POSs) [1]. Within a POS, each activity
retains a set of feasible start times, and these options provide a basis for responding
to unexpected disruptions. An attractive property of aPOS is that reactive response
to many external changes can be accomplished via simple propagation in the associ-
ated temporal network (a polynomial time calculation); only when an external change
exhausts all options for an activity it is necessary to recompute a new schedule from
scratch. This assures a bound to the cost of reacting to unforeseen events. Given this
property and given a predefined horizonH, thesizeof a POS – the number of fixed-
times schedules (or possible execution futures) that it “contains” – is suggestive of its
overall robustness3. In general, the greater the size of aPOS the more robust it is. Thus,
our challenge is to generatePOSs of maximum possible size.

? Ph.D. student at the Department of Computer and Systems Science, University of Rome “La
Sapienza”, Italy.

3 The use of a finite horizon is justified by the need to comparePOSs of finite size.
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One important open question, though, is how to generate flexible schedules with
good robustness properties. In [2] a two-stage approach to generate a flexible sched-
ule is introduced as one possibility. Under this schema, a feasible fixed-times schedule
is first generated in stage one (in this case, an early start times solution), and then, in
the second stage, a procedure referred to aschainingis applied to transform this fixed-
times schedule into a temporally flexible schedule where activities competing for the
same resources are linked into precedence chains (Chaining Form). In a recent paper
[1], this approach – find a solution then make it flexible – was shown to produce sched-
ules – for resource constraint project scheduling with generalized precedence relation,
RCPSP/max – with better robustness properties than a more direct, least-commitment
generation procedure. The least commitment approach uses computed bounds on cu-
mulative resource usage (i.e., a resource envelope [3]) to identify potential resource
conflicts, and progressively winnows the total set of temporally feasible solutions into a
smaller set of resource feasible solutions by resolving detected conflicts. The two step
approach, instead uses conflict analysis of a specific (i.e., earliest start time) solution
to generate an initial fixed-time schedule, and then expands this solution to a set of
resource feasible solutions in a post-processing step.

The previous results have established the basic viability of a chaining approach. In
[4] we focused specifically on the problem of generatingPOSs inChaining Form. The
paper pointed out two basic properties: (1) that a givenPOS can always be represented
in Chaining Form; and (2) that chaining - the process of constructing a Chaining Form
POS - is makespan preserving with respect to an input schedule. As a consequence of
the last point, in the case of a makespan objective, the robustness of a schedule can be
increased without degradation to its solution quality. On the basis of the first property,
we have considered the possibility of producing POSs with better robustness and sta-
bility properties through more extended search in the space of Chaining Form POSs.
In particular, an analysis of structural properties of more robust Chaining Form POSs
to heuristically bias chaining decisions has been exploited. In general, consideration of
Chaining FormPOSs has emphasized the presence of synchronization points among
chains as obstacles to flexibility, and this fact has been exploited to generatePOSs with
good robustness properties.

One of the current goal is the definition of broader search strategies that use a chain-
ing operator as a core component. In fact, the result obtained by any chaining operator
is biased by the initial solution that seeds the chaining procedure. From this perspective,
one point to investigate is the relation between the initial solution and the partial order
schedule which can be obtained through chaining.
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An online problem is a problem which grows over time and such that partial solutions 
are to be generated before the complete problem is known. Moreover, if the problem 
is an optimization problem, partial solutions must be aimed at optimizing the overall 
final solution. There may be some uncertain knowledge on how the problems de-
velop. How should we make intermediate decisions? Can we extend existing con-
straint handling techniques?  

In Online Uncertain Constraint Handling (OUCH!), we assume that the problem 
starts with a conditional constraint optimization problem (CCOP). At each time step, 
an extension to the CCOP may arrive; that is, a set of variables, constraints and utility 
functions. Each variable will have a decision deadline, and a decision on that variable 
must be committed to by that deadline. We assume that decisions cannot be revised 
once they have been committed to, and also that there is no benefit in making an early 
commitment. The CCOP will allow us to ‘reject’ variables, will state what that means 
for each constraint, and will determine the appropriate reward. The objective will be 
to maximize the total reward over some (possibly infinite) time interval. Specifically, 
at each time step, we must decide what to do with the variables whose decision dead-
line has arrived, balancing the immediate reward with the potential for future rewards. 
If we have a probability distribution for the CCOPs that arrive at each timestep, we 
can express the future reward in terms of maximum expected utility. The best deci-
sion for a set of variables at time step i is: 

argmax decision [reward for decision + max expected future reward] 

How should we now reason about those probabilities? [1] attempts to search and 
propagate constraints over the implied tree of possible futures; [2] samples possible 
futures, and then selects an action which minimises regret for that sample. In this pro-
ject, we will investigate instead the use of heuristic estimates of the maximum ex-
pected utility, and, similar to [3], we will control the parameters of the heuristic by 
comparison with the performance relative to the optimum decisions for the observed 
history. We will use a flexibility measure to estimate the reward obtained from each 
decision, by examining the domains of the remaining variables, and combine the 
flexibility with the known reward by a weight parameter (α/(1-α)). The decision for a 
set of variables at time step i will be: 

argmax decision [reward for decision + α/(1- α) * flexibility] 

The controller’s main task is to tune α to get the best estimate. Our controller 
(fig 1) reacts periodically, i.e. we adjust α depending on the history over the last T 
time steps. For our initial studies, we will consider optimising the number of variables 
we accept (and assign consistent values). The extreme cases will be where α = 0, 



where we assign every variable we can without regard to the future, and α → 1, where 
we reject every variable, to maintain maximum flexibility. We expect the optimal 
value of α to be somewhere in between. Our current idea is to maintain an initial α un-
til the loss of reward compared to the maximum we could have achieved exceeds a 
certain tolerance. Reward may be lost for two reasons: we could have assigned vari-
ables but chose to reject them, in which case the flexibility was dominant; or we are 
forced to reject variables because no consistent value is possible, and thus the imme-
diate reward was dominant. In the first case, we need to decrease α, otherwise, we 
need to increase it. 

The work of the controller can be further extended. If we don’t know anything 
about the distribution of the future problem extensions, then looking back at the his-
tory is the only definite knowledge we have. We can use the controller to try to learn 
the distribution. For example, we might start with a uniform distribution, and gradu-
ally adjust the probabilities by observing the actual sequences.  

We are currently applying this general idea to a specific online packing problem 
[4]. Future work concerns the implementation of the controller, developing general 
flexibility heuristics, and comparing to existing online constraint solving approaches. 

 

 

Fig. 1.   Flexibility Controller 
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