CS6421: Deep Neural Networks

Gregory Provan
Spring 2020
Lecture 4: Mathematical Foundations

Based on notes from Marc Diesenroth



Overview

-Mathematical Basis of Deep Learning
-Linear Algebra
-Multivariate Calculus



Key Mathematical Concepts

- Linear algebra and matrix decomposition
- Differentiation

-Integration

- Optimization

- Probabillity theory and Bayesian inference
- Functional analysis
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- Forward prop: makes predictions
- Backward prop: adjusts parameters
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Neural Network: Definition

Hidden

/@\ Weights
Input
Qﬂ . h = a(¢+ b,)
i Chtput
y %(th + b3)

Activation functions

What are the underlying
mathematical operations?




Forward Propagation
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Forward Propagation
X1
H = relu (([W] * ) + [b]

X7
Matrix Multiplication (mx*n)* (n*p) = (m*p)

X3

= Changes (m*n)*(3*1)=(4x1)
Dimensionality (4%3)*«(3%1) = (4*1)
/ Wi, Wi Wig % 'b1'\
1 b
N . l W21 WZZ W23 % XZ + 2
H=retu W31 WBZ W33 X3 b3
\\War Wiz Ws. byl )




A family of parametric, non-linear and hierarchical
representation learning functions

massively optimized with stochastic gradient descent to
encode domain knowledge, i.e. domain invariances,
stationarity.

at (xe;wi,... . wh=ht (ki1 h1(x,w1),wi1),wl)
x:input,
w!. parameters for layer [,
a'=h!(x,w'): (non-) linear function
Given training corpus {X,Y} find optimal parameters
Wr—argmin,, 2 ,ycx.yy L, a*(x))



Forward Propagation: Deep Network

-+ Output

y2 =f(y1, 0,)

Y2 =f2(f1(X, el)! 91)

Deep Network: family of parametric, non-linear, hierarchical representations
YN(X, 01, 05 5000 O)= i (F g (- (FL(X, 04), Oy.1), By)




Matrix Multiplication

- Matrix multiplication is not -
commutative, I.e., AB#BA

-When multiplying matrices,
the “neighbouring”
dimensions have to fit:

A B = C
L. ~~ I N ~ vy L S
nxk kx im 1 X 111
y = Ax y = A.dot(x)
yi =2, Aijx; y = np.einsum(’ij, j’, A, x)
C = AB C = A.dot(B)

Cij = 2k AikByj C = np.einsum(’ik, kj’, A, B)



Back Propagation: Deep Network

Input  Layer 1 Layer2 —  +=se«sss Output

e=t1-y

error = true label —
computed label

Compute how weights contribute to the error ¢
06,
de

Training: optimize network parameters to minimise loss over training set




Training: Computes Derivatives

error = true label —

computed label

-Must use partlal derivative plus chain
rule

-Shows that backpropagation can be
done layer by layer



Network Training

» Training data, e.g., N pairs (x;, ;) of _ polynomialof degree 5
inputs x; and observations y;

» Training the model means finding

parameters 0%, such that f(x;,0%) ~ y;

» Define a loss function, e.g., S | (y; — f(x;,0))2, which we want to
optimize
» Typically: Optimization based on some form of gradient descent

» Differentiation required



Differentiate arbitrary formulae
Loss function: L=W¥(t-y)?
Activation function: tanh
Algebraic operation: Wx
Rules of differentiation must be used
Sum, product, chain, etc.



Differentiation: Rules

» Sum Rule

(f(0) +8(0)" = f(x) + &' (x) = % + j_i

» Product Rule

(F@)3) = (23 + F2)g'(x) = Lga) + f) %8

» Chain Rule

(80£(0) = ($(f()) = g (Fx)F (0 = 455



z= f(x) ="
(gaf)’(x) = gl — tanhz(x”))”xn—l




Partial Derivatives
f:RN - R

y=flx), x=|:|eRV

» Partial derivative (change one coordinate at a time):

6f . f(xl.r-“:xi—lr xi+h:xi+1!"wa)_f(x)
—— = lim
63(1' h1—0 h

» Jacobian vector (gradient) collects all partial derivatives:

d—f— [ﬁ ﬂ]eﬁlxN

o 5'.171 XN

dx

Note: This is a row vector.



f:IE{Z—r-IE{

f(x1,x2) = x%xz — xlxg e R

» Partial derivatives:

(?f(;c;xg) = 2x1Xxp + X5
(?f(;c;;xg) — X7+ 3x1x3
» Gradient:
j—:{ = [afg;;m) 6f(§;;x2)] — [lexg + x5 XT+ 3x1x%] e RY*2.



Example: Chain Rule

» Consider the function
L(e) = Ye|> = eTe
e—=y—Ax, xeRN, AcR™N ¢ yecRrRM

» Compute dL/dx. What is the dimension/size of dL/dx?
» dL/dx e RN

dL B dL de

dx  de dx

@: BT c R]XM
de

e _peRrMN
dx

dL

= o =el(-A) = —(y—Av) A e R



Jacobian Matrix

f:RN - RM

y=f(x)eRM, xeRVN
] [ A ] [ falxa,exN) ]

_3/;&4_ _fM.(x)_ _fM(-"flr:--fo)_

» Jacobian matrix (collection of all partial derivatives)

i diy i ch ofh |
dx 0x1 OXN
= ;| e BMT
dym ofm .. Im
| dx N B 511 5IN N




fix)=Ax, f(x)eRM, AeRMN, xeRY

» Compute the gradient df /dx

» Dimension of d f /dx:
Since f: RN — RM, it follows that df /dx ¢ RM*N

» Gradient:
N
Of
j=1 ]
_ a a —_ _ —_
] @Tfi % An - AN
= d—f = = : = A
. : : :
C c
_@f—ﬁ a};ﬁ_ Ami - Amn




» Consider f : R - R, x:R — R?
fx) = fx1,x2) = x1 +2x2,
X(t) = x1(t)| | sin(f)
)| |cos(t)

» The dimensions df /dx and dx/dt are 1 x 2 and 2 x 1, respectively
» Compute the gradient df/dt using the chain rule.

]

}xl

f _ BN

dt 0x1 x> dx7

ot

cost
=[25int 2][ | ]
—sint

= 2sintcost —2sint = 2sint(cost — 1)



Derivatives with Matrices: Summary

» Re-cap: Gradient of a function f : RP — RF isan E x D-matrix:
# target dimensions x # parameters

with

df ExD - afe
de]R dfle, d| = o,

» Generalization to cases, where the parameters (D) or targets (E)
are matrices, apply immediately

» Assume f : RM>N _, RPXQ then the gradient is a
(P x Q) x (M x N) object (tensor) where

9
df(p,q,m,n] = a;;pq




Gradients of Single-Layer Network

@—(?i@
A b

f =tanh(Ax +b) e RM, xe RN, Aec RMN peRM
(
——

=:ze RM

of of  cz MxM
— = — — R
cb oz b

MxM MxM
°f of 0z Mx(MxN)
0A _\_EJ _CA =R

M:M Mx(;dx N)




f=tanh(Ax +b) e RM, xe RN, Ae RMN peRM
—:ze RM
of _ f z _pmxm

b 0z b
MxM MxM

g—'z— diag(1 — tanh?(z)) e RM*M

a
;—;= [ e RMxM (5)

of of
i j] - 2 Sinim

dfdb = np.einsum(’il, 1j’, dfdz, dzdb)



Example (continued)

1——tanhAx—|—b e R , XERN,AER XN,bER
(. .

. M

=:zeR

of of & Mx (Mx N)
T

\__V__ vy S “’_/

MxM Mx(MxN)

Zﬁ diag(1 — tanh*(z)) e RM*M (6)

0z
cA

» See (4)

AR Z ik

dfdA = np.einsum(’il, 1jk’, dfdz, dzdA)



Summary: Single Layer NN

Inputs x, observed outputs y = f(z,0) +€,e ~ N (0, I)

Train single-layer neural network with

v

v

f(z,0) =tanh(z), z=Ax+b, 60={A,b}

v

Find A, b, such that the squared loss

L(0) = 3le|*, e=y—f(z0)
is minimized
» Partial derivatives:

oL cLeedf oz ) (L Oe of
0A  Cedf dziA PR @»(2) SN

LE

oL CLdeofoz o
cb cedf ozcb | (_‘_?A

» (6)

w4 Sw5)

‘b



Multi-Layer NN: Gradients

O O 1 o o=
! ] !

Ay by Ao by Ap_o,bp Ap_1,br

» Inputs x, observed outputs y

» Train multi-layer neural network with

fo=x
fi=0i(Aiaf, {+bi1), i=1,...,L

» Find AJ,-, bj forj=0,...,L —1, such that the squared loss

L(6) = ly—fL(6,x)
is minimized, where 8 = {A;,b;}, j=0,...,L—-1
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0; 1 Cf, 004
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 Deep Learning is based on core mathematical
principles

» Review of

* Linear algebra

« Multivariable calculus (chain rule, etc.)




OmOn0

A b

Training a neural network means parameter optimization:
Typically via some form of gradient descent

Challenge 1: Differentiation. Compute gradients of a loss

function with respect to neural network parameters A, b
Computing statistics (e.g., means, variances) of predictions

Challenge 2: Integration. Propagate uncertainty through a
neural network



