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Overview 

 

•Mathematical Basis of Deep Learning 

•Linear Algebra 

•Multivariate Calculus 

 



Key Mathematical Concepts 

• Linear algebra and matrix decomposition 

• Differentiation 

• Integration 

• Optimization 

• Probability theory and Bayesian inference 

• Functional analysis 



Neural Networks Basics 

• Operations 

• Forward prop: makes predictions 

• Backward prop: adjusts parameters 



𝒉 =   𝝈(𝐖𝟏𝒙 + 𝒃𝟏) 

𝒚 = 𝝈(𝑾𝟐𝒉 + 𝒃𝟐) 

𝒉 

𝒚 

𝒙 

Weights 

Activation functions 

Neural Network: Definition 

What are the underlying 

mathematical operations? 



Forward Propagation 

𝑋 → 𝐻 → 𝑌   

𝑌 = 𝑟𝑒𝑙𝑢 𝑈 ∗

𝐻1

𝐻2

𝐻3

𝐻4

+ 𝑐  

𝐻 = 𝑟𝑒𝑙𝑢 𝑊 ∗
𝑋1

𝑋2

𝑋3

+ 𝑏  



Forward Propagation 

𝐻 = 𝑟𝑒𝑙𝑢 𝑊 ∗
𝑋1

𝑋2

𝑋3

+ 𝑏  

𝑚 ∗ 𝑛 ∗ 𝑛 ∗ 𝑝 = (𝑚 ∗ 𝑝)  

𝑚 ∗ 𝑛 ∗ 3 ∗ 1 = (4 ∗ 1)  

4 ∗ 3 ∗ 3 ∗ 1 = (4 ∗ 1)  

 

 

𝐻 = 𝑟𝑒𝑙𝑢
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Matrix Multiplication  

 Changes 

Dimensionality 

 



Deep Network: Generic Definition 

 

• A family of parametric, non-linear and hierarchical 
representation learning functions  
• massively optimized with stochastic gradient descent to 

encode domain knowledge, i.e. domain invariances, 
stationarity. 

• 𝑎𝐿 (𝑥;𝑤1,…,𝑤𝐿)=ℎ𝐿 (ℎ𝐿-1…ℎ 1(𝑥,𝑤 1),𝑤𝐿-1),𝑤𝐿) 
• 𝑥:input,  

• 𝑤𝑙: parameters for layer 𝑙,  
• 𝑎𝑙=ℎ𝑙 (𝑥,𝑤𝑙): (non-) linear function 

• Given training corpus {𝑋,𝑌} find optimal parameters 
• w∗←argmin𝑤  𝐿(𝑦, 𝑎𝐿 𝑥 )𝑥,𝑦 ⊆(𝑋,𝑌)  



Forward Propagation: Deep Network 
Input Output Layer 1 Layer 2 …….. 

…….. x y1 y2 

y2 =f2(y1, 2) 
y1 =f1(x, 1) 

y2 =f2(f1(x, 1), 1) 

yN(x, 1, 2 ,… N)= f N(f N-1(…(f1(x, 1),  N-1), N) 

 

Deep Network: family of parametric, non-linear, hierarchical representations 

Implemented as matrix/vector operations 



Matrix Multiplication 

• Matrix multiplication is not 
commutative, i.e., ABBA 

• When multiplying matrices, 
the “neighbouring” 
dimensions have to fit: 



Back Propagation: Deep Network 

=arg min    𝐽[𝑦, 𝑓𝐿 𝑥, 1, … 𝐿 ]𝑥,𝑦 ∈(𝑋,𝑌)  

Training: optimize network parameters to minimise loss over training set 

Compute how weights contribute to the error 𝜀 

𝜕𝑖

𝜕𝜀
 

Input Output Layer 1 Layer 2 …….. 

…….. x y1 y2 

𝜀= t - y 
𝜕𝐿

𝜕𝜀
 error = true label –  

             computed label 

𝜕𝑖

𝜕𝜀
 

𝜕2
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𝜕1

𝜕𝜀
 

…….. 
2 1 L 



Training: Computes Derivatives 

•Must use partial derivative plus chain 

rule 

•Shows that backpropagation can be 

done layer by layer 

Input Output Layer 1 Layer 2 …….. 

…….. x y1 y2 

𝜀= t - y 
𝜕𝐿

𝜕𝜀
 error = true label –  

             computed label 

𝜕𝑖

𝜕𝜀
 

𝜕2

𝜕𝜀
 

𝜕1

𝜕𝜀
 

…….. 
2 1 L 



Network Training 



Requirement for Differentiation 

•Differentiate arbitrary formulae 

• Loss function: L=t-y)2  

• Activation function: tanh 

• Algebraic operation: Wx 

•Rules of differentiation must be used 

• Sum, product, chain, etc. 



Differentiation: Rules 



Example 



Partial Derivatives 



Example 



Example: Chain Rule 



Jacobian Matrix 



Example  

 



Example 



Derivatives with Matrices: Summary 

 



Gradients of Single-Layer Network 



Example  



Example (continued) 



Summary: Single Layer NN 



Multi-Layer NN: Gradients 





Summary 

• Deep Learning is based on core mathematical 

principles 

• Review of 

• Linear algebra 

• Multivariable calculus (chain rule, etc.) 



Feed-Forward Neural Network 

• Training a neural network means parameter optimization: 
• Typically via some form of gradient descent 

• Challenge 1: Differentiation. Compute gradients of a loss 
function with respect to neural network parameters A, b 

• Computing statistics (e.g., means, variances) of predictions 

• Challenge 2: Integration. Propagate uncertainty through a 
neural network 


