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Abstract

In this paper a new technique is presented which allows for the transformation of any
extensional constraint network to an equivalent network which is in globally solved form
with respect to a certain given variable ordering. This guarantees that all solutions can
be found with backtracking without encountering “dead-ends.” The resulting network
corresponds to a reduced Grobner basis with respect to a lexicographical term order. The
number of solutions of the constraint network can be computed by inspecting the reduced

Grobner basis.

1 Introduction

This paper presents a new technique to transform any constraint network with extensional
constraints to an equivalent network which is in globally solved form w.r.t. (with respect to)
a certain variable ordering. This guarantees a backtrack-free search and guarantees that all
solutions can be found without encountering “dead-ends.”

The process of transforming the network consists of three steps. First the constraint network
is transformed to a generating basis of a polynomial ideal. Next the basis is transformed to
its reduced Grobner basis w.r.t. some lexicographical term order. Finally, the reduced Grobner
basis is transformed to a constraint network.

The number of solutions of the constraint network can be counted by inspecting the Grobner
basis which was computed during the transformation process.

It has been tried to keep this work as self-contained as possible. Therefor the paper starts
by discussing mathematical background. Next salient aspects of the constraint satisfaction
paradigm are recalled. It proceeds by formally explaining the technique. Next the technique is

demonstrated with an example. Finally, conclusions are presented.



2 Related Mathematical Theory

The theory of Grobner bases allows for the algorithmic solution of many problems in multivariate
polynomial ideal theory [2, 1, 3]. This section is an introduction to Grébner basis theory.

Let k[z1, ..., x,] denote the polynomial ring with variables {z1, ..., z,} and coefficients in k.
Let ' C k[z1,...,x,]. The ideal generated by F, denoted Z(F), is given by {3 o(f) X fl¢ €
klzi,. .., x,]F"}, where k[zy, ..., z,]" is the set containing all functions from F to k[zy,. .., z,].

The variety of F' C k[zy,...,x,], denoted V(F), is the set of common zeroes of the members
of Fie. V(F)={vek"|(VfeF)(f)=0)}, where €,(f) is the evaluation of f at v.

Let W C k™ be a variety. The ideal of W, denoted Z(W), is the set of all polynomials in
klxy,...,x,) which vanish at W, i.e. Z(W) = {f € k[xy,...,z,]|(Yv € W)(e,(f) = 0)}.

A term order < is a total order on terms of polynomials with the property that 1 is its smallest
member and for any terms u; and usy it holds that u; < us = (Vu)(uiu < ugu). Lexicographical
term orders compare exponents of terms lexicographically.

Let f be a non-zero polynomial, I an ideal and < a term order. The initial monomial in~(f)
of f w.r.t. < is the greatest monomial of f w.r.t. <. The initial ideal of I w.r.t. <, denoted
in<(I), is the ideal Z({in<(f)|f € I}). The standard monomials of I w.r.t. < are the monomials
in k[z1,...,2,] which have coefficients 1 and are not in in~(I).

A field is algebraically closed if every non-constant polynomial has a root. From now on let
k be algebraically closed, I C k[xy,...,z,] an ideal and < a term order.

A set G.(I) C I\ {0} is called a Grébner basis of I wr.t. < if (Vf € I\ {0})(Jg €
G-(I))(in<(g) | in<(f)), where g | f iff g properly divides f. A Grobner basis G~ (1) is called
reduced if for each g € G~ (I), in<(g) does not properly divide any monomial of any polynomial
in 07.(1)\ {g}.

The Buchberger Algorithm allows for the computation of (reduced) Grébner bases [2, 1, 3].

Theorem 1 (Triangular Form Theorem) Let < be any term order and I C klxy,...,x,] a
proper ideal. I is zero-dimensional' iff G".(I) contains a non-constant polynomial with initial
monomial x3*, for 1 <i <mn. (Theorem 6.5} (i) and (iv) of [1].)

The I-th elimination ideal of I, denoted Z;(I), is the ideal I Nk[x;yq, ..., 2z,]. The ideal 7;(1)
corresponds to eliminating of the [ most significant variables from I. The following theorem

provides an algorithm for computing elimination ideals.

Theorem 2 (Elimination Theorem) Let < be the lexicographical term order where x, <
o <xypand 1 <i<n, then ;(I) = (G- (L) N k[xi41, ..., z,)). (See [3] pp. 113,114,118).

One application of elimination ideals is in solving systems of polynomial equations. The idea
is to eliminate variables to create a system involving less variables. Next the smaller system is
solved and the (partial) solutions of the smaller system are extended. The following theorem

predicts when partial solutions can be extended.

LAn ideal I is called zero-dimensional if it is proper and the cardinality of its variety is finite.



Theorem 3 (Extension Theorem) Let F' = {f1,..., fu} C k[z1,...,2,], and I = T(F).
Furthermore, for each 1 <1 < m let f; = gia:ivi + r;, such that g; has no terms in x1, and r;
has only terms in xy of degree < N; — 1, where N; > 0. Suppose (ag,...,a,) € V(Z1(1)). If
(ag,...,an) € V{91, 9m}) then there exists ay € k such that (ay,...,a,) € V(I). (See [3]).

The following theorem provides an algorithm for computing the cardinality of a variety

corresponding to a zero-dimensional ideal.

Theorem 4 (Counting Theorem) Let k be a perfect field, W a wvariety in k", and I =
I(W) C klxy, ...,z a zero-dimensional ideal. The number of standard monomials of I equals
the number of common zeroes of I. (See Theorem 8.52 of [1]).

3 Constraint Satisfaction

This section reviews salient aspects of constraint satisfaction. A Constraint Satisfaction Problem
(CSP) involves finding “value-assignments” for variables while satisfying a set of constraints [9].
Without loss of generality it is assumed that domains of variables are subsets of k = C. This
allows for constraints to be viewed as subsets of affine spaces, thus facilitating links to geometry
and algebra.

CSPs are tuples (X, C), where X = {z1,...,x,} is a set containing the variables of the CSP
and C' is a set containing the constraints of the CSP. The constraints restrict the values the
variables can take simultaneously. A value assignment is allowed if it “satisfies” each constraint
in C'. Traditionally CSPs also contain the domains of the variables. However, domains can be
regarded as constraints [9]. A constraint network is a collection of variables and constraints on
the variables. The arity of a constraint is the number of variables involved in that constraint.

Let P = (X,C) be a CSP. Solutions of P are members of k”. A solution of the form
T1 = Ugyy- .., Ty = Uy, corresponds to (vg,,...,v,, ) € k™. Each member (v,,,...,v,, ) € k" can
also be written as Y _y vz,€q,, Where Uz, ex{es, } is the canonical basis of ", Let S CT C X
and Cg be a constraint. ) ;. v, € k" satisfies Cg if )

A constraint is called unary if its arity equals one. It is called binary if its arity equals two.

265 Vz;€z; € Cs.
A CSP is binary if all its constraints are of arity two or less.

Let (X, C) be a CSP, where X = {z1,...,2,}. Let < be an ordering such that 1 < - -+ < z,,.
The CSP is in globally solved form w.r.t. < if either (1) the CSP is unsatisfiable and 0 = Cy,,} €
C'; or (2) the CSP is satisfiable and there is a constraint of the form C,, € C, and for all integers
i, 1 <i<n,if (vg,...,v,,_,) satisfies the CSP then there exists a member v,, € D,, such that
(Vgyy - .-, Vs, satisfies the CSP as well.

A CSP in globally solved form can be solved efficiently. All its solutions can be found without
encountering dead-ends by extending partial solutions. If it is unsatisfiable this can be found

out easily by considering the unary constraint on the smallest variable (node-consistency).



The purpose of a backtrack-free search is to compute a solution without encountering a dead-
end. [7] provides sufficient conditions and an algorithm for the case where the constraint-graph
of the network is a tree. [6] generalises this for arbitrary binary constraint networks by relating
the width of the constraint-graph to the level of (i, j)-consistency of the network.

As observed by [4] weaker properties may also ensure backtrack-free search. Directional
consistency methods are proposed for binary constraint networks.

How to compute globally solved networks has been answered in [5]. The resulting networks
are created by repeatedly adding constraints and restricting constraints by removing those partial

solutions which cannot be extended.

4 Computing Elimination Networks

This section describes a transformation technique from any constraint network with extensional
constraints to an equivalent constraint network which is in globally solved form w.r.t. some
ordering on the variables. The resulting network corresponds to a reduced Groébner basis w.r.t.
a lexicographical term order, and is called an elimination network. Properties and possible
improvements for the algorithm are discussed at the end of this section.

In the following let (X, C') be a CSP, where X = {z1,...,x,}. Let D, denote the domain of
x; for 1 < i < n, let < be the lexicographical term order s.t. 1 < --- < x,,, and let S denote the
solution set of the CSP. Note that & = V(3 . Z(Cs)). For each step in the transformation

process its postcondition is enclosed within the brackets [ and ]. The transformation is given by:

1. (a) For each Cs € C' compute basis Bg C k[z1,..., 2] for Z(Cs). [ S = V(3 ¢, Z(Bs)) ]
(b) Set Bx = UcgecBs. [ S = V(Z(Bx)) ]

2. (a) Compute the reduced Grébner basis G%(Z(Bx)). [ S = V(GL(Z(Bx))) |

3. (a) For each polynomial ¢ occurring in G”.(Z(Bx)), let S, denote its variables. Compute
the maximal (w.r.t. inclusion) subset By of polynomials in G”(Z(Bx)) the variables
of which equal Sy. [ § = V(Z(Ugegr (2(8x)) Bs,)) = V(X geqr (z(8x)) Z(Bs,)) ]

(b) If GL(Z(Bx)) = {1} then set C{, , = 0 and C" to {C{, ,}. Otherwise, for each By,
computed in the previous step: compute Cy = V(Bg, )N Xy,es, Dy, where X denotes
the Cartesian product operator. Set C" = {C% |g € GL(Z(Bx))}-

[§= V(Zcfsgecf 7(C's,))- ]

The resulting network corresponds to C’. The bases Bg in step 1 (a) can be computed with the
INTERSECTION algorithm from [1].

If W is a variety with a finite cardinality, then I = Z(W) is zero-dimensional. The Exten-
sion Theorem and the Triangular Form Theorem guarantee that extending non-empty partial
solutions of elimination ideals of I must succeed. Similarly the existence of a unary constraint

for the smallest variable is guaranteed. Therefor the network is in globally solved form w.r.t. <.



Grobner bases are difficult to compute. Given a set F' of generators of a zero-dimensional
ideal it requires (worst case) d°™ time to compute the Grobner basis of the ideal generated by
F, where d is the maximum total degree of a monomial in F' and n the number of variables.

However, the following observations may be made:

e Computing elimination networks corresponds to finding all solutions of a CSP which is a

difficult problem as well;

e It may be possible to exploit the fact that factorizations are known of the polynomials in
the bases Bg in step 1 (b). The factorizations are known because these polynomials can be
constructed by multiplying ideals of varieties which are known (each variety corresponds

to a member of a constraint);

e The operations in the Buchberger algorithm correspond to addition, subtraction, multipli-
cation and division of polynomials. Polynomials may be viewed as representations of ide-
als/varieties. It should be possible to use different representations for these ideals/varieties
and define the equivalents of these operations for these different representations. Of course
the notion of leading term w.r.t. a certain ordering should be preserved. This may improve
the algorithm and may possibly eliminate the need of the transformations to and from the
polynomial ring. E.g. multiplying two ideals corresponds to the union of their varieties,

adding two ideals corresponds to intersecting their varieties, and so on;

e Certain problems have to be solved many times. To these problems the algorithm presented

above can be applied as a preprocessing step.

5 An Example Application

In this section a constraint network is transformed to an elimination network using the technique
described in the previous section.

The following constraints model a set of German traffic lights and are based on [8].

C{Ui,il’i7”i+1 mod 45Pi+1 mod 4} = {(7”, Ta ga g)? (Ty> T, y> T‘), (97 g? r, 7“), (y7 r, Ty, T)}7
C{vz} = {T7gvryﬂy}7 C{pl} = {Tug}u fOI' { € {0717273}
The macro-structure of the network is depicted in Figure 1. The eight variables are given by

Po, P1, D2, P3, Vo, V1, v2 and v3z. There are four 4-ary constraints Cliug povipiys Clorpivapsl}s

Cloapawsps}s Clospswopo), and eight unary constraints corresponding to a domain of each of the
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Figure 1: Original Network Figure 2: Elimination Network

variables. Assume g = 0,7, = 1,y = 2,7 = 3. The generating bases for the constraints are:

B{vivphvi-!—l mod 4>Pi+1 mod 4}
={ U?ﬂ mod 4 6U?+1 mod 4 T 11Uz'2+1 mod 4 — OVit1 mod 4, Vi + Vi1 mod 4 — 3,
2pi+1 mod 4 T vf’—i—l mod 4 + 61)1-24_1 mod 4 ~ 1lvi+1 mod 4,
2Di + U1 mod 4 — 3Vt mod 4 T 2Vitimoda — 6}
B,y =1 v} — 60 + 110? — 6v;  }
B{Pz‘} = { pzz - 3pi } for i € {0’ 17273}'

The union Bx of the bases consists of 12 binomials and 8 monomials. Let < be the lexi-
cographical term order given by vz < v < v; < vg < p3 < p2 < p1 < po. Then G~ (Z(Bx))

equals:

{ vi—6v3+ 1102 — 6vs,v9 + v3 — 3,01 — U3, V9 + V3 — 3,2p3 — V3 + 6V — 11vs,

2ps + v3 — 302 + 203 — 6,2p; — V5 + 603 — 11vs,2pg + v5 — 303 + 203 — 6 }.

The reduced Grobner basis has revealed a structure which was implicit in the original constraint
network. Since the basis does not equal {1}, the network is satisfiable. The standard monomials
of 7(G".(Z(Bx))) are given by {1,vs,v3,vi}. Since there are four of them the Counting Theorem
guarantees that there are exactly four solutions to the constraint network.

The zeroes of each polynomial in the basis correspond to one of the following constraints of

the resulting elimination network the macro-structure of which is depicted in Figure 2:

owsy = W) (1) (1Y), (9:7)) gy = 19:9), (1) (1), (1)}

sy = W 9)s (1) (1 y), (9:7)) Oy = 19:9), (1) (1,y), (1)},

fowsy = 19): (Y1) 91t Clowy = {(9:9), (ry,m), (v,9), (r, )},
{(r.9), (y, 1)

)7 g,’/’)}, J/[UJ} = {g’ry7y7r}‘

!
{v2,v3}
6 Conclusions

In this paper, a new technique has been presented to transform extensional constraint networks
to equivalent networks in globally solved form w.r.t. a certain variable ordering. The resulting
networks correspond to reduced Grobner basis for lexicographical term orders, and are called

elimination networks.



If the elimination network is satisfiable, a backtrack-free search for the first solution exists
and all solutions can be found without encountering dead-ends. The number of solutions of the
network can be computed by counting the standard monomials of its reduced Grobner basis.

Most of the time needed in the transformation process is spent on the computation of a
Grobner basis of a zero-dimensional ideal. The general problem of computing Grobner bases
is very difficult. Computing such bases for zero-dimensional ideals is much easier in practice.

Suggestions have been presented on how to improve the algorithm.
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