Fuzzy Logic

1 Uncertainty and Vagueness

Uncertainty and vagueness are major challenges in Al. Waicgy is aboutdegree of beliefand it can be handled
mathematically byprobability. For example, we don’t know whether it will rain tomorrow. i$lis an example of
uncertainty. But, based, e.g., on observation of past veeatitterns, we might be able to put a value on the probability
that it will rain tomorrow.

Vagueness is abouakegree of truthand it can be handled mathematically fazzy logic For example, suppose we
know for sure that the temperature nowl® centigrade. There is no uncertainty here. But, if we aredisesay
whether the day is hot, we now have a problem of interpretatithe statement seems neither absolutely true, nor
absolutely false. We might prefer to assign some interntediath value to the statement.

Our reactive agents (and intelligent agents in general} imeigble to deal with both uncertainty and vagueness. For
example, one major source of uncertainty is the unreligioli the sensing equipment. However, we'll look now at
vagueness and fuzzy logic. Fuzzy logic has been appliedseitie considerable success to reactive control tasks.

2 Some Motivation: Fuzzy Control

Consider an anti-locking brake system, controlled by a mognable controller. The operation of such a system is

akin to the sense/plan/act cycle. Readings are taken of beake temperature and vehicle speed. An action, e.g. a
change in brake pressure, is then selected and executedy@leahen repeats. The aim is to maintain the state of the
system or to smoothly change the state of the system in resgorchanges in the environment.

Traditional control systems typically use differentiali@gjons to define responses to sensor values. But this agiproa
has problems:
< In some cases, solving the complex equations can be toowtatignally expensive for real-time control.

« Often, the equations implement a ‘bang-bang’ controlmegiactions are either full on in one direction or full
on in the other direction. For some tasks a bang-bang comgaihe might result in actions being repeatedly
too drastic and desired outcomes being overshot.

« In some cases, e.g. for new or ill-understood devices amlcgnments, the equations may not be known yet;
developing them might be years of work; and the resultingaéqos might be difficult to understand.

An alternative is to use a system of fuzzy rules, such as thenfimg:
if brake temperature is warm vehicle speed is not very fashen decrease brake pressure slightly

which uses imprecise terms in its condition and action.

Such rules can be cheap to apply, and have been found to gieesguooth control. Most importantly, fuzzy con-
trollers can often be quickly developed. The rules can cam finterviewing experts, looking at their manuals, or
observing their actions. Given enough data, the rules cautmmatically evolved or learned. The rules are readily
understandable, and therefore more maintainable.

Hybrid approaches, where fuzzy control improves an exgstiquation-based controller, are also common.

Note that, while our current interest in fuzzy logic is itg#ipation in fuzzy control, it has been used for a variety of
purposes throughout Al (although its use is always contiah).

3 Fuzzy Set Theory

Fuzzy control uses fuzzy logic, and fuzzy logic is built oa4y set theory. Traditional, ‘non-fuzzy’ sets are sometme
referred to asrisp setgo distinguish them fronfuzzy sets

In (crisp) set theory, we haveumiverse of discoursé/: the collection of all possible objects under consideratid
(crisp) set,A, is then a collection of objects, drawn from the universeis€durse. Each object ifi is either inA or
not in A. More formally, for every setl there is anembership functiary 4, which, for every object in U returns T
(true) or F (false) according to whethers in A or not.

Example. Let U be a collection of students; call themb, c, d, ande. Let setC'S =qg¢ {a,b,d} be the set of these
students who are studying Computer Science. The membdtstipon forC'S, fcs, is as follows:

fes(a) =T
fes(b) =T
fes(e)=F
fes(d)=T
fes(e) =F

The idea in fuzzy set theory is that set membership shouldrbatter of degree, not simply T or F. The key generali-
sation is to allow the membership function to return not dympor F, but a grade of membership, usually denoted by
a real number between 0 (absolutely not a member) and 1 (absoh member).

Example. The membership function for the fuzzy ges of tall students might be, e.g.:

fTs(a) =0.2
frs(b) =038
fTs(C) =0.0
Frs(d) = 1.0
fTs((i) =0.5

This shows thatl is definitely tall and: definitely is not.a, b ande have some claims to tallness, e.g. it is half-true to
say that is tall.

Membership functions for fuzzy sets (especially when thdsseoncerned with ages, heights or other (continuous)
numeric measurements) are often shown graphically. Fanpbe here are plots of possible membership functions
for person ages:
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We see that the exact shape may vary: it might be bell-shapebaped or reverse s-shaped. In fact, it is often
convenient computationally to use triangular- or trapéabshaped functions:
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Class Exercise. What, in fuzzy set theory, would the membership functiorhefémpty set look like?

The definitions of set operations (such as union) need to teméed to cope with fuzzy sets. Ldt A; and A, be
fuzzy sets drawn from univergé.

Union A; U As: For crisp sets, the union of; and A, is the set of elements that are eitherdnor in A,. For fuzzy
sets, the membership function for the uniondafand A,, fa,ua4,, is defined by

faiup(a) =qefmax(fa, (a), fa,(a))

Intersection A; N Ay: For crisp sets, the intersection 4f and A is the set of elements that are in both and A,.
For fuzzy sets, the membership function for the interseatiod; and Az, fa,n4,, is defined by

fain4,(a) =gef min(fa, (a), fa,(a))

Complement A’: For crisp sets, the complement dfis the set of elements that are in the universe of discourse bu

are not inA. For fuzzy sets, the membership function for the compleroént, f 4, is defined by
far(a) =1— fa(a)
Class Exercise. Draw the graph of the membership function for the set thdiésunion of the sets of young ages and
middle-aged ages. Draw the graph for their intersection too

There is a whole new set of operations (ones that don’t existisp set theory) calleshodifiers These have approx-
imately the same effect as words and phrases sutVeag’ , “more or less”, etc. We want theery operator to have
an intensifying effect and theorl (more or less) operator to reduce the intensity. Here arsilplesdefinitions:

fvery A ((1) =def <f4 (a))2
Fron 4(a) =gef (fa(a))?

Class Exercise. Draw the graphs for the set of very young person ages and tloé s@re or less young person ages.

Much more could be said on this subject (including its extem$o fuzzy relations) but we move on now to fuzzy
logic.

4 Fuzzy Logic

In classical logic, a statemenit/, is either T or F. Again, we can use functions to formaliss.tfiihe function we
need is called amterpretation functionZ. If p represents the statement ‘the ball is red’, td¢p) will return either
TorF.

In fuzzy logic,Z can return degrees of truth, typically in the [0, 1] interviabr exampleZ(p) could be 0.6 (perhaps
if the ball is a reddish-orange colour).

The following connectives are defined in a way that is basettheset theory operations:

I(Wy VIW2) =gef max(Z(W1),Z(W2))
I(Wy AW) =gef min(Z(W1),Z(Ws))
I(-W) =gef 1-Z(W)

There are problems in defining the conditiofi@ = W, (and hence also the bicondition&l; < W5). Around 72
alternative definitions have been proposed. One is

1 if Z(W1) < T(Wa)
=def

(W) = Wa) I(W,) otherwise

In classical logic}V; = W, = =W, V W,. But, this equivalence does not hold when using the abovaitiefi of
the conditional in fuzzy logic.

We needn’t get too worried about these problems with defitiiagonditional. In fuzzy control (next lecture), we will
only need conjunction/), disjunction (/) and negation-t). We will be writing condition-action rules like the ones
we used in production systems, but now the conditions andrecinay be fuzzy.



