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Many problems, especially in the
real-world, are usually sensitive
to perturbations:

measurement mistakes,
errors in data,

lacking a clear objective,
unexpected events, etc.

[1] https://buildersprofits.com/how-deal-unexpected-events-work/
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An Introductory Constraint Programming Example -
the Warehouse Allocation Problem

i X
« (2 o

(< 1shop)

Each shop must be supplied

1] b "_57 Yﬂ products from at least one of the
(< 2shops) suitable warehouses!

N z
N > ‘i

(< 2shops)

(a) Instance

g

[1] Emmanuel Hebrard. Robust solutions for constraint satisfactionand
optimisation under uncertainty. PhD thesis, University of New South S
Wales, 2007. y




®
cP 4.  Summary InSight

24 Robust Stable Marriage Problem 51 Conclusion

). Background 3 Robust Stable Roommates Problem

An Introductory Constraint Programming Example -

the Warehouse Allocation Problem
Each shop is supplied products from some warehouses.

[1]

VA
-

(a) Instance

~F

[1] Emmanuel Hebrard. Robust solutions for constraint satisfactionand
optimisation under uncertainty. PhD thesis, University of New South

!
Wales, 2007. ‘,
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Some Existing Robustness Notions

Robustness has many different definitions in Robust Optimization.

Robustness in CP and SAT

E
» Climent et al.: “a robust solution has a high probability to remain solution after \
changes in the environment.” 11

» Handbook of CP: “a robust solution is likely to remain solution even after the |

change has occurred, or to need only minor repairs.” 2] “.

e Ee——————————— [
[1] Laura Climent, Richard J. Wallace, Miguel i i
; )
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Robustness using (a,b)-models

(a,b)-supermodels [11- SAT

An (a,b)-supermodel is a model such that if we modify the values taken by the variables in a
set of size at most a (breakage), another model can be obtained by modifying the values of
the variables in a disjoint set of size at most b (repair).

(a,b)-supersolutions [2- CP

An (a,b)-super solution is a solution which if any a variables break, the solution can be
repaired by providing repair by changing a maximum of b other variables.

Z777%...

N B
‘:‘;'\(/m &2

—_—,— I 4 4
[1] Matthew L. Ginsberg, Andrew J. Parkes, and A
2] E
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Robustness using (a,b)-models

(a,b)-model

a=2 @@ @@

All combinations of Current solution
items of size a
s ofsize 5 6 7
{1,2) 1,3 {7.8

®@ @ & @ ®@ 2 0 9 @ @ @ @

® ® @ 5 6 7 ©® ®© ® ©
b2 =1 bis =2 be=0
Closest solutions
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< Introductory CP Example

X can not be supplied

Some solutions are more robust than others! from a anymore. Thus, it
must be supplied from b.

i (X=a) 2> 0
_ X
. i

Q

1shop)

ot R

b
(< 2shops)

i z
By > [

(< 2shops)

IA

3

(a) Instance
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< Introductory CP Example

Some solutions are more robust than others!

i (X=a) > 0, (Y=c) > 1,
_ Fi —
'ER
poLs s "B

(§ 2shops)

Q

(a) Instance

~
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< Introductory CP Example

Some solutions are more robust than others!
X

-
"
Z

S~

(a) Instance

~

o)
Insight

(X=a) 2 0, (Y=c) 2> 1, (Z=b) > 0
(1,1)-super solution

‘(X:a,Y:c,Z:b)b

(X =a,Y=c¢,7Z=¢)

? 7

(X =bY =a,Z = c)

———r———
(X =bY =c¢,Z =c)

(b) Solutions
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Robustness - Example 4, Summary I n S i g ht

< Introductory CP Example

Some solutions are more robust than others!

N X
% . FF

(X=a) 2 0, (Y=c) 2 0,(Z=b) > 0
(1,0)-super solution

(< 1shop) 2 = Qa, lljzc,g: iX:a
| =a,Y =c¢, 7 =

 (E29 " (X =b,Y = a,Z = b=

(< 2shops) < —bY—CLZ— >
.& z (X =0V —c.Z=0|
N

(< 2shops) = ﬂ < — b Y = C, = C> Z=b

A; is a more robust solution than A, in case of (b) Solutions
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Matching under Ordinal Preferences

Goal: Find a matching between some agents respecting some optimality criteria.

Example problems include:
« Hospitals/Resident (HR),
« Stable Marriage (SM),

« Stable Roommates (SR),
« Kidney Exchange,

* Ride Sharing, etc.




®

). Background 3 Robust Stable Roommates Problem

Matching Problems 4, Summary InSight

24 Robust Stable Marriage Problem 51 Conclusion

Matching under Ordinal Preferences

Goal: Find a matching between some agents respecting some optimality criteria.

. (+] 1 2
Example problems include: ooo ;
r P

hll C]_ = 2

« Stable Marriage (SM),
« Stable Roommates (SR), + 2 2 2 2
. Kidney Exchange, Stable EEEI
« Ride Sharing, etc.

h,c; =3
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Motivation

Goal: Find a matching between some agents respecting some optimality criteria.

__________
Example problems include: E!E L
» Hospitals/Resident (HR), S
« Stable Marriage (SM),
« Stable Roommates (SR), Stable + Al hospitals ]
and oo are full!
oo

« Kidney Exchange,

? o
e Ride Sharing’ etc. Robust: h,, €, = 4
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Robust Stable Marrlage Problem

Conclusion

Matching under Ordinal Preferences

Goal: Find a matching between some agents respecting some optimality criteria.

» Migration of virtual machines in
Cloud Computing,

» Content delivery on the
Internet,

» Wireless resource

management, etc.

Example problems include:
Hospitals/Resident (HR),
Stable Marriage (SM),
Stable Roommates (SR),
Kidney Exchange,

Ride Sharing, etc. \
/ﬁ‘c" ﬂ o

> Peer-to-peer networks (P2P),
> File sharing (torrent)

‘.\‘....
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Thesis Objective

Motivation
Need robustness + stability in matching problems to handle unexpected events.

Thesis
Achieving both stability and robustness is possible.

Proposal
A new notion: (a,b)-supermatches = (robust + stable) matching.
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Introduction ! Conclusion

Stable Marriage Problem (SM)

A specific case of the HR with capacities = 1.

Input
> A set of men,

» A set of women,
» Strictly ordered preference lists of both:
" men over women,
= Wwomen over men.

Qutput

A stable matching such that everyone is
matched to a person and no unmatched
pairs prefer each other to their partners.
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Stable Marriage Problem (SM)

A specific case of the HR with capacities = 1.

What if
a couple must
break-up?

v Find alternative partners to them.
(break-up some other pairs)
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(a,b)-supermatches

An (a,b)-supermatch is a matching between the agents that is both stable and robust

subject to some additional constraints.

4 (a, b)-supermatch =
A stable matching such that if any combination of a pairs want to leave the
matching, there exists an alternative matching in which those a pairs are
assigned new partners, and in order to obtain the new assignment at most b

Kother pairs are broken. Y.

(1,b)-supermatches: A restricted case, where a = 1.

(1,1)-supermatches: A very restricted case, wherea=1and b = 1.
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Verifying if a matching is a (1,b)-supermatch

Given a stable matching (e.g. M = {(Bob, Arya), (Mike, Asha), (Tom, Cathy)})
Question: Is M a (1,b)-supermatch?

» We proposed a polynomial-time procedure that uses the properties of rotation posets.

Procedure outline
* Find the closest stable matchings to M:
v M; when (Bob, Arya) breaks up.
v M, when (Mike, Asha) breaks up.
v M, when (Tom, Cathy) breaks up.
-  Max(M;, M,, M,) sets the value of b. { Publication ]

Begum Genc, Mohamed Siala, Gilles
Simonin, Barry O'Sullivan: Robust Stable
Marriage. AAAI 2017, AAAI Press: 4925-

4926
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SM structure Preference lists

my | 0652413 wy | 2164530
m | 6145023 w; [ 0435261

-1 i my 6031542 wy | 2504316

» 1-1: Closed subsets & Stable matchings TAITEIEEE g AR LT EERY
my | 1203456 wy | 4605312

Lattice of Stable Matchings m; | 6103542 [w; 3126540

ms | 2506431 ws | 4621305

m. | [P1[2[3[a5]6
0 |5lale[3[1l0]2
&Pu

Exponential L

A closed subset

P1
\
M 0]1[2]3]4][5]é]

2 | [2]5]6[3[1]4]0

' % e:
lo[1]2[3[4]5 f‘ i
2[5[0[3[1]4]6]| M, 415161311
"4 P2 Pa

/5 Ps
»

M, | [o]1]2]3]4]5]6 M 0]112/3]4|5/6 M. |[o[L[2[3]4[5]6

4 | 2[3[o[s[1]4l6 s | la]5[0[3[1]2]6] 8 | [1=]e[3[4]2]o

k s N /
[o]1]2[3]4]5]6]| M M, |[o]1]2]3]4]5]6]
[4[3[o]5]1]2]6] [1[5[0[3]4[2]6]

MlO

(6, 0), (2, 6)

(o, 1), (4. 1) (1, 5), (3, 3)

Eg Rotation Poset

.
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Rotations

Po
Eliminates pairs : <0, 5>, <6, 2>
Produces pairs : <0, 2>, <6, 5>

P4
Eliminates pairs : <6, 0>, <2, 6>
Produces pairs : <6, 6>, <2, 0>
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Illustration of the procedure for (1,b)-supermatches

S: Corresponds to the closed subset of the SIS
given stable matching M.

Production
rotation

Sup - First potential closest stable matching
to S when man i and his partner leaves M.

Spown : Second potential closest stable !
matching to S when man i and his partner
leaves M. z‘

S,: No other stable matchings can be closer
to S than Syp" or Spoun -

Publication
Begum Genc, Mohamed Siala, Gilles Simonin,

Elimination
rotation

Barry O'Sullivan: Finding Robust Solutions to
Stable Marriage. IJCAI 2017: 631-637
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Complexity... A model for identifying (1,1)-
supermatches using independent sets

A sample rotation poset G. Transitive version of G.

The set of non-fixed men ={0, 1, 2, 3, 4, 5, 6}
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A model for identifying (1,1)-supermatches using
independent sets

Find an | such that:

- 1 U neighbours covers all non-fixed men
in their rotations of size 2.

Any such | corresponds to a unique
(1,1)-supermatch M.

Independent set |

Publication
Begum Genc, Mohamed Siala, Gilles Simonin, Barry O'Sullivan:

Complexity Study for the Robust Stable Marriage Problem.
Theoretical Computer Science 775, Elsevier: 76-92 (2019)
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A model for identifying (1,1)-supermatches using
independent sets

Find an | such that:

- 1 U neighbours covers all non-fixed men
in their rotations of size 2.

Any such | corresponds to a unique
(1,1)-supermatch M.

Complexity Study for the Robust Stable Marriage Problem.

Publication
Begum Genc, Mohamed Siala, Gilles Simonin, Barry O'Sullivan:
Theoretical Computer Science 775, Elsevier: 76-92 (2019)
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A model for identifying (1,1)-supermatches using
independent sets

Find an | such that:

- 1 U neighbours covers all non-fixed men
in their rotations of size 2.

Any such | corresponds to a unique
(1,1)-supermatch M.

| U neighbours ={0, 1, 2, 3, 4, 5, 6}

Publication
Begum Genc, Mohamed Siala, Gilles Simonin, Barry O'Sullivan:

Complexity Study for the Robust Stable Marriage Problem.
Theoretical Computer Science 775, Elsevier: 76-92 (2019)
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An Approach for (1,1)-supermatches Conclusion
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. S

An alternative model for (1,1)-supermatches using
independent sets

Closed subset
corresponding
to |

p, and p, define a stable matching M

that corresponds to the closed subset

S - {p01 p11 p21 p4}

Complexity Study for the Robust Stable Marriage Problem.

Publication
Begum Genc, Mohamed Siala, Gilles Simonin, Barry O'Sullivan:
Theoretical Computer Science 775, Elsevier: 76-92 (2019)
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Conclusion

Complexity of RSM

» A special case of SAT (SAT-SM) is defined.
» Showed that SAT-SM is NP-complete by Schaefer’s Dichotomy Theorem,

» Showed equivalency between SAT-SSM and deciding if there exists a
(1,1)-supermatch to a given RSM instance.

NP-hard
( Ta1 : (a, 1)—supcrmatch>

s

s

/
!

CQI Iy

(’,‘Tagl (a,0)-supermat

Open

———\ Tgp-

.

-~

: &»,( m: (1, 1)—sup(‘rmat.c}9'4,_,

(a, b)—supcrmatchRl& -
T NP-complete

T

-

( w1 (1, b)-supermat

o

i

s
-
-

Publication
Begum Genc, Mohamed Siala, Gilles Simonin,
Barry O'Sullivan: On the Complexity of Robust
Stable Marriage. COCOA 2017, Springer: 441-448

Publication
Begum Genc, Mohamed Siala, Gilles Simonin, Barry O'Sullivan:
Complexity Study for the Robust Stable Marriage Problem.
Theoretical Computer Science 775, Elsevier: 76-92 (2019)
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Models to find a (1,b)-supermatch to RSM

» CP —

Formulated stable matchings using rotations.
The aim is to compute the rotations between M and its
closest stable matchings for each pair.

» Local Search
Start from a random stable matching M.
Explore the neighbours of M.

» Genetic Algorithm
Start from a random population of stable matchings.
Evolve the population by applying crossovers and mutations.

» Genetic Local Search
Start from a random population.

Explore the neighbours of the products of crossover. —

All based on the
= Polynomial-time
procedure

Publication
Begum Genc, Mohamed Siala, Gilles Simonin,
Barry O'Sullivan: Finding Robust Solutions to

Stable Marriage. 1JCAIl 2017: 631-637
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1 Background 3 Robust Stable Roommates Problem

Model Comparison on Random Instances

ne{50xk|ke{l,...,6}} ne€{100xk | ke{4,...,20}}
Search efficiency on small random instances. Search efficiency on large random instances.
14 T T T T T T T 450 T
cp ¥ sk Is ©
Is © 400-hb &
12~ . 00 ga +
ga + 350+
10}
B 5300
2 g
2 8 2250
E £
= 2200
o 150
4_
100+
2r 5| 50 +
ower +
0 + I + 1 4 1 % 1 —'— 1 ++ :*: |£ e
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 01 02 03 04

Smaller b values
(more robust)
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3. Robust Stable Roommates Problem

Stable Roommates Problem (SR)

Generalization of the SM, where the sex factor

IS eliminated. ﬁ\
Input

» A set of people, / /ﬁ

» Strictly ordered preference lists of each
person over the others.

Output \ \ ﬁ

A stable matching such that no unmatched
pairs prefer each other to their partners and A
everyone has a partner.
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Robust Stable Roommates Problem (RSR)

RSR is NP-hard!

* The structure is different to the rotation poset of the SM.
« 1-1: Complete closed subsets & Stable matchings

(1, 3),(2,4) (8,10), (9, 2) (3, 5), (10, 6)

Rotation
(2, 3), (6/ 4,9), (7\1), (10,5
@90 7y (10-9) 03 =(1,3), (2,4)

Dual of p3
P3=(4,1),(3,2)
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3. Robust Stable Roommates Problem 51 Conclusion

Robust Stable Roommates Problem (RSR)

RSR is NP-hard!

* The structure is different to the rotation poset of the SM.
« 1-1: Complete closed subsets & Stable matchings

(1,32)..(2,4) (8,10).(9, 2) (3,5).410, 6)

Complete closed subset

S= {p3; P4 Psy ~Pes _p7} / \
(2, 3), (6/8) \,

(4, 9), (7\1), (10, 5)

®

|
2. Robust Stable Marriage Problem 4.  Summary I n S I g ht
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Robust Stable Roommates Problem (RSR)

RSR is NP-hard!

There may be up to 2 production or elimination rotations for a pair!

(1, 3), (2, 4) (8,10), (9, 2) (3, 5), (10, 6)

Elimination rotation for pair {1,7}
Ps

Elimination rotation for pair {2,3}
-p7and —p;

Similar for the production rotations...
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Models to find the most robust (1,b)-supermatch

» Local Search (Is)
» Genetic Local Search (hb)

25 .
hb =

Is =

1000 . .
hb =

900} Is =

N
o

=
w

=
o
*
[]
'
2

Total time (min)

200 400 600 800 100012001400 1600 1800 2000 200 400 600 800 1000 1200 1400 1600 1800 2000
Instance size Instance size

Publication

e Begum Genc, Mohamed Siala, Barry O'Sullivan, Gilles Simonin: An Approach
to Robustness in the Stable Roommates Problem and its Comparison with the

Stable Marriage Problem. CPAIOR 2019, Springer: 320-336
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Results

Summary
Conclusion

MANY -rich in stable matchings

Table 4.6: An SM instance of size 8 that belongs to the original family described by
Irving and Leather [IL86al].

(a) Instance given in Table

®
kg m

Table 4.7: An SM instance of size 8 that belongs to our benchmark MANY obtained by

the original instance given in Table

(b) Instance given in Table

Figure 4.9: Rotation posets corresponding to the large instances.

[=————_ |
~F

Preference lists of men Preference lists of women Preference fists of men Breference Tists of women
mi|1 2 3 4 5 6 7 8| |w |8 7 65 4 3 2 1 ° w11 335456 7% (w8765 33 31
my |2 1 4 3 6 5 8 7| |wo|7 8 5 6 3 4 1 2 mOdlfy s 2 8 43 65 1T 7| [w|7 85 43 612
m3 |3 4 1 2 7 8 5 6| |ws|6 5 8 7 2 1 4 3 341 2 7 85 6] [wl6 8 721 4 3
mi|4 3 2 1 8 7 6 5| [w|5 6 7 8 1 2 3 4 43218765111356781234
ms |5 6 7 8 1 2 3 4| |ws|4 3 2 1 8 7 6 5 % 5 1T 3 3 3 w“43218765
mg |6 5 8 7 2 1 4 3 wg |3 4 1 2 7 8 5 6 65872143w534125876
m;|7 8 5 6 3 4 1 2| [w;]|2 1 4 3 6 5 8 7 78563412w621436587
ms |8 7 6 5 4 3 2 1| [ws|1 2 3 4 5 6 7 8 87564321&;12345678

Very rich in

(1,1)-supermatches
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Robust Stable Marriage Problem . Empirical Results I n S I g ht
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Summary of Empirical Results

» Hybrid model is able to find stable matchings with low b values in large
iInstances. However, it is achieving this by taking advantage of its randomness.

» Local search model is very competitive with the hybrid model.
» Our version of genetic algorithm gets stuck in the local optima.

» We identified a family of SM and SR instances that are very rich in stable
matchings. The rich instances often contain (1,1)-supermatches.

» The random RSM instances are very consistent to little modifications in their
preference lists in terms of their robustness. The random RSR instances are
not.
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2. Robust Stable Marriage Problem . Contributions I n S I g ht
3§ Robust Stable Roommates Problem y

Summary of Contributions

v Anovel notion of robustness that uses fault-tolerance for matchings under
ordinal preferences.

v Polynomial-time procedures for deciding (1,b)-supermatches.
v' Complexity study for finding (a,b)-supermatches.

v" Identification of structural properties for the SM and the SR.
v' A number of different models to solve the problem.

v' Open problems.

v" A new public dataset.
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¥ Robust Stable Roommates Problem 5! Conclusion

Future Directions

1. There are several fields that we left as open problems in terms of the

complexity.
Problem NP-hard | N'P-complete | P
(1,1)-supermatch (7ry1) v v X
(1,1)-supermatch from family F,, (7},) X X v
(1,b)-supermatch (7r15) v v X
(a, b)-supermatch (7r,;) v ? X
(a,0)-supermatch (7,0) ? ? ?
(a,1)-supermatch (7r,1) v ? X

Different, fast models can be developed.

Current models can be improved.

Experiments can be made using real-world data.
(a,b)-supermatches for other matching problems can be studied.

a s~ wb

g




9

1 Background 4. Summary

|
2. Robust Stable Marriage Problem 5. . "Conclusion I nS|g ht

3. Robust Stable Roommates Problem

Already getting some attention!

- K Cechlarova, A Cseh, D Manlove, Selected open problems in matching under
preferences, Bulletin of EATCS, 2019

Genc et al. [42]] showed that the problem of deciding if there exists a (1, b)-
supermatch 1s NP-complete in smi for any b > 1, which also implies that this
problem is NP-hard in sri. However, for the more general case of (a, b)-super-

matches, it 1s not even known whether the problem belongs to NP. By contrast,
given a stable matching M in an sr1 instance, Genc et al. [41] gave a polynomial-
time algorithm to verify whether M is a (1, b)-supermatch. The algorithm uses a
deep knowledge of the structure of the set of all stable matchings, described by
the complete closed subsets of the reduced rotation poset of the given sr1 instance.
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Conclusion

It is possible to achieve both robustness and stability in matching problems.
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